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INTRODUCTION 
When waves are generated in a flume by the conventional 
piston or flap wave maker, waves reflected from structures 
will arrive at the wave maker and experience re-reflection. 
These re-reflected waves will propagate to the structures so 
that the target wave energy cannot be accurately obtained. 
Since 1980s, methods of internally generating waves inside 
a computational domain and putting sponge layers at the 
domain end have been developed in numerical modelling. 
Internally generated waves will propagate both directions 
from the wave generation zone and waves reflected from the 
structures will pass through the wave generation zone 
without any reflection by the wave maker and be absorbed 
in the sponge layers. Using the idea of internal generation of 
waves, Jung et al. (2018) developed bottom wave makers in 
a flume which have paddles moving up and down from the 
bottom (see also Lu et al. (2017)). In this study, following 
Jung et al.’s (2018) techniques, we numerically develop both 
rectangular and triangular bottom wave makers in a flume 
using the analytical method and the extended mild-slope 
equations. 
 
DEVELOPMENT OF ANALYTICAL SOLUTIONS AND 
EXTENDED MILD-SLOPE EQUATIONS 
We obtained analytical solutions of generation of linear 
waves using the Laplace and Fourier transform techniques. 
The water depth can be expressed as 
 
ℎ = ℎ0 − Δℎ(𝑥)Λ(𝑡)          (1) 
 
where 𝛥ℎ(𝑥) is the space-dependent wave maker amplitude 

and 𝛬(𝑡) is the time-dependent wave maker elevation at a 
positon.  We consider both rectangular and triangular bottom 
wave makers (see Fig. 1). Analytical solutions of water 
surface elevations ζ  for rectangular and triangular bottom 
wave makers are obtained, respectively, as 
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where 𝑏  is the wave maker length and 𝜔0  is the angular 

frequency of the bottom movement and 𝑘  is the wave 

number.  
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Fig. 1.  Definition sketch for solution of wave generation with two 
types of bottom wave makers. (a) rectangular bottom wave 
maker, (b) triangular bottom wave maker.  
 

We also developed a numerical model of the extended mild-
slope equations for linear waves on bottom varying in time 
using the Lagrangian formulation given by 
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where 𝜙̃ is the velocity potential at mean water level and 

where 𝐶𝑝  and 𝐶𝑔  are the phase speed and the group 

velocity, respectively. 
 
NUMERICAL EXPERIMENTS 
We first compared the results of the analytical method and 
the extended mild-slope model and found that both the 
analytical solutions and the numerical solutions of generated 
linear regular waves agree with each other in whole water 
depths. Water surface elevations generated by the 
rectangular bottom wave maker becomes more different 
from linear sinusoidal waves because the rectangular bottom 
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movement elevations are different from sinusoidal shape. It 
was also observed that the bottom wave makers are more 
efficient in generating waves in shallow water while the 
conventional piston and flap wave makers are more efficient 
in deep water (Lu et al., 2017).  
 
 
After simulating the extended mild-slope model, we found 
that waves reflected from structures pass over the bottom 
wave maker with very little reflection and are absorbed in the 
sponge layer located at the domain end. Fig. 2 shows 
incident wave surface elevations at t=72T and total wave 
surface elevations at t=71.1T,71.2T,⋯,72T for the triangular 
bottom wave maker with ratio of wave maker length to 
wavelength 𝑏 𝜆 = ⁄ 0.5 and the ratio of water depth to 

wavelength ℎ0 𝜆 =⁄ 1/40. The standing wave heights on the 
right side are two times as the incident wave heights 
because of full reflection at the right boundary. The total 
waves on the left side are composed of the incident waves 
and the transmitting waves passing over the wave maker. 
The total wave heights are almost constant in space because 
wave reflection by the wave maker is negligibly small which 
shows that waves pass over the bottom wave maker with 
very little reflection.    
 

Fig. 2. Surface elevations of incident waves (dot) and surface 
elevations of total waves (solid line). 
 
Next, a ratio of generated wave bottom movement amplitude 
𝑎 ∆ℎ0⁄  versus the ratio of wave maker width to wavelength 

𝑏 𝜆⁄  for the rectangular bottom wave maker and the 
triangular bottom wave maker was considered, respectively. 
The analytical solutions and the extended mild-slope 
equation solutions are almost equal to each other. The 
rectangular bottom wave maker yields higher wave 
amplitudes than the triangular bottom wave maker because 
the rectangular wave maker moves water volume two times 
the triangular bottom wave maker. In shallow water, 
generated wave amplitudes are high because the water 
surface is directly affected by the bottom movement. In deep 
water, however, generated wave amplitudes are negligibly 
low because the water surface is little affected by the bottom 
movement.  
 
Using the information of the ratio of generated wave 
amplitude to bottom movement amplitude, we successfully 
generated bi-chromatic and irregular waves with the 
extended mild-slope model. First, we simulate two 
monochromatic waves with slightly different frequencies of 
𝑓1 and 𝑓2 in a depth given by  
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and then linearly superpose the two solutions. Second, we 
simulate bi-chromatic waves with a representative mean 

frequency 𝑓̅(= 0.5(𝑓1 + 𝑓2)) in a depth given by 
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Then, we compared the two solutions, i.e., the linearly 
superposed solution for two monochromatic waves and the 
solution for representative waves, which are almost exactly 
the same. In order to generate linear irregular waves with the 
triangular bottom wave maker, we specify the water depth as 
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where ∆ℎ0𝑖 = 𝑎𝑖 𝑐𝑖⁄ = √2𝑆(𝑓𝑖)Δ𝑓 𝑐𝑖⁄ , 𝑐𝑖 = 𝑎𝑖 Δℎ0𝑖⁄  is the ratio 

of generated wave amplitude 𝑎𝑖  to bottom movement 

amplitude Δℎ0𝑖, and  𝑆(𝑓𝑖) is the frequency spectrum.  
 
Fig. 3 shows time series of surface elevations of generated 
waves at a position of 𝑥 = 7𝜆𝑝  which are irregular both in 

frequency and amplitude. In Fig. 4, power spectrum of water 
surface elevations measured at a position of 𝑥 = 7𝜆𝑝   is 

almost the same as the target value. The bottom wave 
makers can be used to efficiently generate linear long waves 
in a flume without disturbances of reflected waves from 
structures. 
 

 
Fig. 3. Time series of surface elevations at 𝑥 = 7𝜆𝑝. 

 

 
 
Fig. 4. Power spectrum of surface elevations at 𝑥 = 7𝜆𝑝 (solid 

line: measured data, dashed line: target). 
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