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ABSTRACT

Is 1s very difficult for engineers to deal with the cno-—
1dal wave theory for practical application, since this theory
contains the Jacobian elliptic functions, their modulus k, and
the complete elliptic integrals of the first and second kinds,
K and E respectively.

This paper firstly proposes formulae for various wave
characteristics of new waves named "hyperbolic waves'", which are
derived from the cnoidal wave theory underthe condition that k =
1 and E =1 but K 1s not 1nfinite and are a function of I/g;h
and H/h, so that cnoidal waves can be approximately expressed
as hyperbolic waves by primary functions only, in which T 1s the
wave period, h the waterdepth and H the wave height.

Secondly, as an application of the hyperbolic wave theory,
the present paper deals with wave shoaling, that 1s, changes in
the wave height, the wave crest height above still water level,
and the wave velocity, when the waves proceed into shallow water
from deep water.

INTRODUCTION

Cnoidal waves, which were discovered by Korteweg and de
Vries (1895), are not familiar to engineers, despite a long his-
tory, because of mathematical treatments including the Jacobian
elliptic function and the complete ellaiptic integrals of the
first and second kinds. Since, however, 1t has been noticed
that the theory of Stokes waves 1s not appropriate to periodic
waves progressing 1n shallow water in cases where h/L £ 1/19/
(Keulegan, 1950), h/L < 1/8 (Laitone, 1962) or h/L < (%,/L) 3
(W1lson, Webb and Hendrickson, 1952), and that the theory of
cnoidal waves should be applied to those waves, 1t 1s necessary
to modify the theoretical results of cnoidal waves and provide
graphs to easily find the wave characteristics,where L 1s the
wave length and 7, the wave crest height above the still water
level. TFor this purpose, graphs were presented by Wiegel (1960)
and tables published by Masch and Wiegel (1961) to obtain the
profile and velocity of cnoidal waves from a given wave height,
wvater depth, wave length or wave period. These graphs and
tables, however, were based on the theoretical results of the
first approximation by Keller (1948) and Keulegan and Patterson
(1940), and furthermore the mean water depth was replaced by the
water depth below the wave trough, so that they seem to be un-—
satisfactory compared with those of Stokes waves of the third
order approximation presented by Skjelbreia (1959).
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For this reason, the author tried to provide graphs to
easily obtain the wave profile, wave velocity, wave length and
wave steepness from a given wave period, still water depth and
wave height for practical use based on Laitone's cnoidal wave
theory of the second approximation(Laitone, 1961, 1962), and
confirmed the validity of the cnoidal wave theory by making a
comparison with the results of an experiment conducted for a
case where TJg?h{Z 15 (Iwagaki, 1964, 1965; Iwagaki and Hosomi,
1966a, 1966b).

Theoretical curves of the wave height change in shoaling
water for a large depth to wave length ratio were presented by
Le Méhauté and Webb (1964) based on the Stokes wave theory of the
third order approximationand by Koh and Le Méhauté (1966) based
on that of the fifth order approximation. On the other hand,
the computation of wave height change 1n shoaling water for a
small depth to wave length ratio using the cnoidal wave theory
was attempted by Masch (1964), but 1t was not successful because
of the difficulty of numerical computation for complicated
expressions including the Jacobian elliptic functions.

In this paper, after firstly defining the new waves named
"hyperbolic waves' (Iwagaki, 1967), which are derived from the
cnoidal wave theory, formulae for various wave characteristics
of hyperbolic waves are presented, which are expressed by prim-
ary functions only. Secondly, changes 1in the wave height, the
wave crest height above still water level and the wave velocity
1n shoaling water are computed based on the hyperbolic wave
theory and compared with experimental results to confirm the
validity of the hyperbolic wave theory.

DEFINITION OF HYPERBOLIC WAVES

Wave characteristics of cnoidal waves i1n dimensionless

form ¢ are generally expressed as follows:
o~ f % KB by e, s, dn(B)) weenenenn (1)

in which v=2K(s-e¢t)/L , h; 1s the water depth below the wave trough,
cn, sn and dn are the Bacoblan elliptic functions, c¢ the wave
velocity, t+ the time, x the distance 1in the direction of wave
propagation, and z the distance taken upwards from the wave
trough as shown in Fig. 1.

Since the solitary wave theory can be derived with the
limitation that k = 1 or K+o0 , E=1 and L #6¢ , and 1n this
case cn(v,k) and dn(v,k) are written as sechv and sn(v,k) as
tanhv, wave characteristics of a solitary wave i1in dimensionless
form ¢, are expressed as

Pi=fs ’Iz; y ;‘:, sechy, tanhp> ..... PO . (2)

and v=20(x—ct)/hy se oo s eescas f e ies e s tas st .(3)
in which & 1s a function of hy/H.
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Now, let us consider a case where k can be approximately
put as unity, which 1s not the limiting case k = 1 as in the
solitary wave theory. The value of K does not become as large
as 1nfinity even 1f the values of k and E tend to unity and can
be put approximately as unity, as seen 1n Fig. 2. In other
words, when K = 3, k = 0.98 and E = 1.05, then k and E can be
put approximately as unity. Therefore, 1f k and E are put as
unity on condition that

K>3 eeeeees s es e e s s e et s s et s s et e ...(4)
the following expression for wave characteristics of new waves
?n)dlmen51onless form ¢ can be derived corresponding to Eq.
1):

¢n=fn<*;l';“, -hip_’ K, sechy, tanhv) c et e s esceseccee cees (5)

The waves are not periodic because they are expressed by
hyperbolic functions. However, 1f the wave troughs are con-
nected with each other for every wave, they can be treated as
periodic waves, since the wave length 1s not infinite. The
author has named the new waves "hyperbolic waves', because the
characteristics of the waves can be expressed by hyperbolic
functions with finite wave lengths (Iwagaki, 1967).

Since the dimensionless quantity for wave characteristics
of hyperbolic waves ¢ contains the complete elliptic integral
of the first kind K as shown i1n Eq. (5), 1t 1s necessary to
obtain the relationship between the wave period, wave height,
water depth and K. The relationship was already presented gra—
phically by the author (Iwagaki, 1965) based on Laitone's cnoid-
al wave theory of the second approximation (Fig. 3). Then, the
relationship between K, T/g/h and h/H 1s formulated using Fig.
3. Fortunately in the range of K 2 3, the curves for each
value of a parameter h/H can be expressed approximately by
parallel straight lines, which are shown by a solid line 1n Fig.
4. The formula to fit this solid line was proposed as follows
(Iwagaki, 1967; Iwagaki and Sakai, 1968);

m

K =z3(ﬁ)*/2{l_a(a)n} BN ()]

TVg/h 4 \h h
1in which
a=1.3, n=2andm=1/2 for H/h = 0.55+++-- (72)
and a =0.54, n=3/2and m=1 for H/h > 0.55....(7Tb)

The plotted points are values computed by Eq. (6), which are in
good agreement with the solid line.

The limit condition for applaication of the hyperbolic
wave theory can be obtained from Eqs. (4) and (6). Fig. 5 shows
a graphical expression of the limit.

CHARACTERISTICS OF HYPERBOLIC WAVES

Formulae for various characteristics of hyperbolic waves
can be derived by putting k and E as unity and replacing the
Jacobian elliptic functions with hyperbolic functions in the
cnoidal wave theory as mentioned previously.
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_1 L1[, 31 H({ 8,31 H)z( 27 _ 15 1)}
3ngK{l 2K+ht( 10+4K)+(h, 660 MBS K| s .(16)

Kinetic energy per unit area

1 1(42 n
Ex= " p *S S (W +wdx dz

2" Ll l-n
1 11{ 31H(13131)
- -3yt S3 L
3Pl "okt sk T2 K0
H\*(23 1131 3 1
(5 *160K+8.K2)} ............ R (17)

Total energy per unit area

E=E,+FEx

2 o 1f 31 H{ 1 31 (HY(S 1571, 3 1
3”gHK{1 2K*ht( 1074 Kz)+ v W12 T a6 &

I e (18)

RATE OF WAVE ENERGY TRANSMISSION
Y L O B PSP dt
W_TS—~T/ZS—hz {2 et w) P +gz} wdz

2 S 1f 81 H(2_51+%)
= g "gH*V ght K{l 2k R \s T 287K

H\*({ 31 29 1 133‘)}
+(h:) (_1127 o KT AK)| Tt (19)

CHANGE IN WAVE HEIGHT ON SLOPING BEACH

The change 1n the wave height on a sloping beach can be
calculated from the condition that the rate of wave energy
transmission 1s constant at each section 1f the wave motion on
a sloping beach 1s assumed to be the same as that on a hori-
zontal sea bottom having the corresponding water depth. If
wave energy dissipation due to bottom friction and wave re-
fraction and reflection due to variable water depths are neg-
lected, the relationship described above 1s expressed as fol-

lows;
4 T, o oeeecesssaeeeancasannnnnns Ceeeeaaen (20)

Eq. (19) 1s applied to W at the left side of Eq. (20)
and the following relationships derived by Le Méhauté and Webb
(1964) based on Stokes wave theory of the third order approxi-
mation by Skjelbreia (1959) 1s used for W_ at the right side of
Eq. (20), 1n which the suffix o denotes tRe quantity in deep
water:

W0=22T:<%)‘\02{4(1+i\02)} ....... St ecten et (21)
g,\oaﬂoz,f{i ettt eeen e e eeeeeaaans (22)
;‘;z—%{(laxnz) ...................... N (23)

Finally the following equation of H/HO 1s derived as a function
of Hy/Lo and h/Lgs

i_i L 1/3 _IL -1 Eﬂ l/3§ s ﬂ)'z 1 I{ 1 1 H 3’ —174
Hg‘16<4> <L> <L> I ”<Le H“k’?*ﬁ?('h‘)f
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and g/h 1n Eq. (6) 1s a function of h/Lo and HO/L0 from Egs.
(22) and (23).

Since the right side of Eq. (24) contains H/H , successive
approximate computation using a digital computer has been adopt-—
ed. A group of curves on the left side of Fig. 6 shows the
result of computation by Eq. (24). In addition, a group of
curves on the right side of the figure 1s that by Le Méhauté and
Webb (1964) for the third order approximation of Stokes waves.

As a condition of breaking inception for hyperbolic waves,
%:073 ooo.oooooooonoooooooooooooo.ooooooo(27)

has been used, which was proposed by Laitone (1961) for cnoidal

waves.

CHANGE IN WAVE CREST HEIGHT ABOVE STILL WATER LEVEL

From Eq. (8), the wave crest height above still water
level of hyperbolic waves 70 1s expressed as
m_H-3 . 5 . 1 1H
a1 H—I—K(LHZh) et e et ceeea..(28)
which 1s a function of HO/L0 and h/Lo as seen from Eq. (26) and
Fig. 6. Fig. 7 shows the relationship between %_/H and h/Lo
with a parameter of HO/L0 besides the curves for gtokes waves.

CHANGE IN WAVE LENGTH AND WAVE VELOCITY

From Eqs. (6), (12), (22) and (23), the expression for
the wave length ratio L/L, 1s derived as follows:

L_on (B[ _=(H\(, _31LH
£=ve () -5 B0 Sich)
HY' ™ 1 H\5 H\™
x{l—a(I)} {1_(I+Eh’)sh)} sececaaae seesenaae (29)
Since L/Ly, 1s also a function of Hy/L, and h/L, and Fig.
8 1s a result of numerical calculation. Of course, the wave
velocity ratio c/co 1s equal to L/Lo.
EXPERIMENT

EQUIPMENT AND PROCEDURE

The wave tank used for the experiment of wave shoaling on
a beach was 63 m long, 50 cm wide and 65 cm deep, with a wave
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generator of piston type. A model beach of uniform slope 1/20,
which was made of steel plate, was set 8 m long about in the
middle of the wave tank. The top of the slope was jJust 40 cm
high from the bottom, and the water depth above the horizontal
bottom was always controlled at 40.5 cm, so that breaking waves
overtopped on the upper edge of the slope and reflected waves
were reduced as much as possible. Periods of waves used were
1, 1.2, 1.5 and 2 sec, and wave heights at uniform depth were
from 1.5 to 12.0 cm. Wave records were taken instantaneously
by six wave meters of electric resistance type set at uniform
depth and on the slope. The wave height 1n deep water H_  was
obtained from the water depth and the wave height at unl%orm
depth using theoretical curves of wave height change based on
the third order approximation of Stokes waves by Le Méhauté and
Webb (1964). The wave length L, and wave geloclty ¢y 1n deep
water were computed approxlmateiy using gT /27 and gT/ZH' re—
spectively. Wave velocity data were taken by measuring the
time necessary for each wave crest to pass between two adjacent
wave meters, as the wave velocity i1n the middle of the wave
meters. Several waves were adopted as data, which were record-
ed until waves reflected by the beach returned again from the
wave generator after the wave height became constant.

EXPERIMENTAL RESULTS AND CONSIDERATIONS

Fag. 9 shows a comparison between experimental values
and the theoretical curves on wave height change 1n shoaling
water. It 1s found that the experimental data in the figure
agree well with both theoretical curves based on the hyperbolic
and Stokes wave theories. According to the plots of experiment-—
al data taken by Wiegel (1950), Iversen (1952) and Eagleson (1
956), their experimental results are not in agreement with the
theoretical curves except Eagleson's data in the case of HO/L
= 0.02 (Iwagakl and Sakai, 1967). This fact can not be explain-
ed even 1f the effect of bottom friction 1s taken into account.
As far as the present experiment by the author 1s concerned,
the effect of bottom friction 1s estimated as approximately 1
% when the wave period 1s equal to two seconds.

Experimental data of the wave crest height are plotted
in Fig. 10 with the theoretical curves of hyperbolic and Stokes
waves for comparison. Agreement between them 1s very poor.
The reason will be due to asymmetric deformation of the wave
profile i1n shoaling water. This fact suggests that 1t 1s neces-
sary to study not only wave height change but also wave profile
deformation in shoaling water ancluding breaking of waves over
a sloping beach.

Fig. 11 shows experaimental results of wave velocity
change 1n shoaling water compared with the theoretical curves.
Agreement of the experimental data with the theoretical curves
1s as poor as 1n the case of the wave crest height. The reason
may also be due to asymmetric deformation of the wave profile
1n progress.
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CCNCLUSIONS

The author proposed new waves named "hyperbolic waves',
which are derived from the cnoidal wave theory under the condi-
tion that k = 1 and E = 1 but K # oo . Since the theory of the
waves does not contain the Jacobian elliptic functions but pri-
mary functions only, 1t 1s possible to easily compute various
wave characteristics of finite amplitude long waves. The com-
putation of wave shoaling presented here 1s an applacation of
the hyperbolic wave theory to coastal engineering problems. A
combination of the hyperbolic wave theory and Stokes wave theory
now makes 1t possible to give a qualitative descraiption of finite
amplitude wave characteristics all over the region of shallow
water before breaking, subject to the limitation that the waves
are of permanent type.
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