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ABSTRACT 

Data obtained from two surface profile wave gages and two pressure 
wave gages at the Steel Pier in Atlantic City, New Jersey, are used to 
check the consistency of the analysis variables obtained from a given set 
of records by several commonly used analysis procedures 

All estimates of the characteristic height tested are found to be 
correlated better than 86  The estimates of characteristic period are 
not so satisfactory and in some cases are below 25  Consideration of 
several proposed definitions of the characteristic period indicates that 
they are based more on convenience in data processing than on application 
of the derived data  Consideration of the use of wave data in engineer- 
ing design shows that no one definition of the period can be satisfactory 
for all applications  The best definition of the characteristic wave 
period for a given engineering problem can be specified only when the 
dynamic aspects of the problem have been identified 

INTRODUCTION 

The concept of a "significant wave height" and a "significant wave 
period" which can be used to characterize a wave field is appealingly 
simple  It suggests a simple transition from the experimental results 
in a laboratory wave tank and the theoretical results obtained with 
monochromatic wave theory to the phenomena that occur in the real ocean 

This concept was first introduced when sailors were asked to report 
the height and the period of "   the larger, well formed waves, and 
omit entirely the low and poorly formed waves " as part of the synoptic 
weather reports from ships  Comparison of early wave gage records, with 
visual observations, led to the opinion that the wave height "H " given 
by visual observers was the average height of the one-third highest 
individual waves, "H,/,"  Figure 1, taken from Ross (1966) and based 

on an earlier figure by Cartwright (1962) provides some perspective on 
the reliability of this approximation  Figure 1 is based on 905 pairs 
of visual and instrument observations from a weather ship equipped with 
a shipboard wave recorder  For the data included in this figure H, ,, = 

1 1 Hv  Comparisons of shipboard observations by two or more observers 
are given by Hogben and Lumb (1964, 1967) and likewise show considerable 
scatter 
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Figure 1  Comparison of instrument and visually observed heights 
(after Ross) 
For the data m the above figure HL ,_ = 1 1 Hv 
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Many wave records have been analyzed by listing the heights  and 
periods of individual waves  for the determination of H^/3 and the 

corresponding period Twj      This process  is rather tedious  and not 

truly objective,   for there is no purely objective way of making a clear 
distinction of which perturbations  on the record are waves that should 
be counted and which are ripples that should be omitted 

This problem is  illustrated by Figure 2, where simultaneous records 
from four wave gages,  located within a 12-foot circle on the Steel Pier 
in Atlantic City,  are shown      Note that some of the waves  appearing on 
the surface gage records do not appear on the pressure records,  and that 
almost any procedure for determining which waves  should be counted would 
accept some waves  on one surface record that would be rejected on the 
other 

OTHER DEFINITIONS OF WAVE PERIOD 

To obtain a more objective measure of the wave period, various 
writers   (Draper,  1966, Tucker,  1961) have suggested using the average 
period of all  zero up-crossmgs  as  the characteristic period      Both of 
these depend somewhat on the resolution of the wave recording system and 
Tucker's  depends  on a practical method for determining the  zero  line 
Draper suggests  that it can be estimated by eye      Thus two different 
estimates may lead to two different values      If interest is  centered on 
the wind-generated waves,  it would be more appropriate to consider cross- 
ing of a trend line      The difference would not be important with  large 
waves  and small tides, but it could be significant with large tide ranges 
and small waves      This  latter combination can be important in sedimenta- 
tion problems 

Since  1965,  it has been customary at CERC to identify the most 
prominent period in a 7-mmute wave record as  the significant wave period 

To clarify the meaning of wave period estimates,  it is useful to note 
that  according to the  linear theory for monochromatic progressive waves, 

h(t)  =    h + A cos(kx-at-it>) (1) 

,  sinh k(z+D) ,,       .    ,, ,,,. w        =    aA  , \ ^ J    sin(kx-at-4J (2) 
sinh kD v ' 

.  cosh kfz+D)    ,,  ^ ,, ,,, 
u   = aA  sinh kD   «»(kx-ot-« C3) 

P 
.„2, cosh k(z+D)   ,,   . ,. ,... 

pAC k sinh ^p—'- cos(kx-ct-*j (4) 

k2C2 = a2 = gk tanh kD = (4IT
2
)/T

2 (5) 

where w, u are the vertical and horizontal components of velocity, p the 
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Is this a wave ? 

How should these be counted r* Step Gage 

Upper Pressure Gage 

Lower Pressure Gage 
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Figure 2  A sample of the simultaneous record from four wave gages 
at the Steel Pier m Atlantic City, N J , illustrating 
the difficulty in deciding which perturbations are to 
be considered as waves in determining H1/3  Records (a) 
and (b) are for pressure gages, (c) and (d) are pressure 
gages with (d) about 6 feet below (e) 
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pressure, k the wave number, a the frequency, 4> the phase at kx = at, C 
the phase speed, T the period, p the density and g the acceleration of 
gravity  The origin of z is taken at the water surface and the upward 
direction is taken as positive  Since, for any given value of D, there 
is a one-to-one relationship between period, frequency, wave number, wave 
length and phase velocity, functions which logically depend on any one 
of these parameters may be expressed unambiguously as functions of the 
period 

In the more general case when several wave trains are present, it 
is more useful to consider 

h(t) = h + 7 A cos(k X-CT t - <)> ) (6) K J L
1    m    mm   Tm 

m=l 

Similar expressions may be readily constructed for u, w, and p  In 
general kp and x should be regarded as vectors with k x as the scalar 
product of the vector wave number, k and the position vector x  This 

detail is not important here, however, for if the gage position is fixed, 
kmx is constant for each m, and may be absorbed into the phase angle <j>m 

This procedure will be followed in the remainder of the paper  If the 
sequence of om>  important in a given application is known in advance, as 
m the case of astronomical tides, the most expedient analysis procedure 
for the calculation of the amplitudes A would be a least squares evalua- 
tion of the coefficient s, a , b , in the expression 

h(t)  = h +    y    [a    cosot + b sma t] (7) J L,        m m m       m J 

m=l 

A2 2        .2 A =    a      + b 
m m m 

<j> =    tan        b /a m mm 
(8) 

If the sequence of a is not known in advance, and this is the usual case, 

the amount of arithmetic involved in the solution can be greatly reduced 
by choosing am = 2mtr/Ta, where Ta is the period of record selected for 
analysis 

2 
It can be shown by Parseval's relation that the sum of all the Am 

is equal to the variance of h(t)  It can also be shown that the variance 
of h(t) is proportional to the average potential energy of the wave 
(Kinsman, 1965, p 145ff) According to Taylor (1937), this is the idea 
Rayleigh had in mind when he first introduced the concept of an energy 
spectrum 

2     2 
If one value of A say A is much larger than all of the others, it 

seems natural to select the corresponding period, T = 2irs/Ta as the 
significant period  If there are many A2Js with nearly the same magnitude 
it may be desirable to regard the true energy as a continuous function of 
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2 
the frequency and the computed A as estimates of this function, inte- 

grated over a small frequency interval centered on cr   When this pro- 

cedure is followed, it seems natural to define the significant period as 
the period corresponding to the peak energy density per unit frequency 
If the wave energy is known, or estimated, as a continuous function of 
the frequency, a simple transformation of variables provides the energy 
as a function of the wave period  Thus, the significant wave period 
could be defined as the period of maximum energy density per unit period 

Short definitions of six proposed measures of the significant wave 
period are listed below 

1 The average period of the one-third highest waves, T1 ,_ 

2 The period most prominent in the record, TCERf, 

3 The average period of all waves, T .. 

4 The average period of all waves that cross the mean 
water level, T _ 

5 The period of maximum energy density, TpM 

6 The period corresponding to frequency of maximum energy 
density, TpM 

The last of these seems most suitable for a study of wave dynamics, 
and is suggested as a standard  The first two definitions have been 
proposed for convenience in collecting data, and the third and fourth 
to make the determinations more objective and reproducible 

OTHER DEFINITIONS OF WAVE HEIGHT 

Since the energy of a simple wave is proportional to the square of 
the wave height, it is natural to define a measure of the wave height in 
terms of the square root of the average energy  This estimate, called 
the root-mean-square wave height by Tucker (1961) is equivalent to the 
standard deviation of the wave record and is defined by 

[U !2 
1/2 

H
RMS 

= I £ I   [hCnat) - h r I O) 

where h(nAt) is the water surface elevation at time t=nAt, and h is the 
mean water level for the analysis interval  Thus HRM„, unlike H1 ,., has 

a clear physical definition and can be easily determined by either 
digital or analog computers  Both theoretical and empirical evidence 
suggest that the average value of the ratio vi/z^WiS  ls a'30Ut 4  The 
actual value obtained from a given observation depends on the full wave 
spectrum 
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Since 1965, it has been customary at CERC to estimate the signifi- 
cant wave height as the N'th highest wave in a 7-mmute wave record 
where N is a function of the selected period and is approximately 1/6 
of 420 seconds divided by the "significant period " This procedure can 
be performed very rapidly by making use of suitable transparent nomo- 
grams, but the determination of the "most prominent period in the 
record" is too subjective to be readily programed for a computer 

Draper (1966), making use of some work by Tucker (1961), proposed 
a more objective system which can be reaily programed  The standard 
deviation of the wave record called HRMC, by Tucker is estimated from 

the highest and lowest water elevations in the record, and the signifi- 
cant wave height is estimated as the product of the sum of the highest 
and lowest departures of the surface elevations from its mean position 
and a factor, which depends on the period of zero up-crossmgs 

A COMPARISON OF THE PARAMETERS AS EVALUATED BY SEVERAL DEFINITIONS 

Since 1966, CERC has been making a digital record from the step 
resistance wave gage at the Steel Pier in Atlantic City, New Jersey 
A computer program has been developed for calculating each of the 
measures of wave height and period discussed above with the exception 
of T  _ and H R„ which must be obtained manually  This program has 

been used to analyze the records from November and December of 1966 

It has been found, for the records analyzed, that all of the 
measures for wave height are highly correlated  The correlation matrices 
for the principal measures are shown in Tables I and II  Consequently, 
it appears to make relatively little difference how a record is analyzed 
to obtain wave height, since very nearly the same answer is obtained for 
any method  The Fast Fourier Transform algorithm of Cooley and Tukey 
(1965), often called the "FFT" was used to analyze records 1024 seconds 
(17 minutes, 4 seconds) long for the computation of energy spectra This 
permits a detailed definition of the spectrum with a frequency resolution 

_3 
slightly better than 10  Hertz 

Spectra with resolution per unit frequency similar to that obtained 
with the auto-correlation technique (Blackman and Tukey, 1958), were 
obtained by averaging across frequency bands of constant width  Spectra 
in terms of energy density per unit period were computed by averaging 
across frequency bands of variable width 

The correlation matrices for the various measures of the wave 
period are given in Tables III and IV, and a comparison of a few of 
the individual estimates in Table V  It can be seen that two estimating 
procedures which may agree to within 1 second in some cases, may differ 
by as much as 10 seconds in other cases  The correlation appears to be 
better for the higher waves  This is shown in Figure 3, in which the 
ratio of T_. to T_„__ is shown as a function of H_„„  H_.,_ is a measure 

FM    CERC RMS   RMS 
of wave height defined on page 6 
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THE INTERPRETATION OF A CHARACTERISTIC WAVE PERIOD 

For linear wave theory there is a one-to-one correspondence between 
period, frequency, wave length, wave number and phase velocity  Because 
of this, experimental results obtained with monochromatic waves are often 
tabulated or graphed as a function of period  A careful analysis, how- 
ever, may show that one of the other variables is more fundamental to 
the problem  Thus in coastal engineering design, the wave period may be 
used to specify either the characteristic time scale or the characteris- 
tic length scale of some process due to waves  A little reflection on 
the physical processes involved will show that no one variable can pro- 
vide the best estimate of the time and space scales for all processes 
due to a given sea state  This can be seen most clearly by considering 
a Fourier Transform of the wave record 

The energy spectrum for the wave height can be expressed in the 
form 

E, (a ) da =  A2 (10) hv mJ m v ' 

The corresponding expressions for the spectra of the velocity components 
are obtained from (2) and (3) in the form 

2 
r  r    -> J    .2 2 rcosh k(z+D)n ,..., 
E (a ) da = A a   [ T-T-R ] (H) w m       mm Lsmh kD   J 

„ , .. ,    .2 2 rcosh k(z+D)n2 E (a j da = A a  [ , , _—-] (12) 
uv mJ m m L smh kD  J v ' 

2 
The term a  produces an amplification of the height spectrum with 

increasing frequency  Thus if the height spectrum is flat or contains 
two or more nodes of nearly the same value, the peak of the velocity 
spectrum, on the surface, is likely to occur at a higher frequency than 
the peak of the height spectrum  The terms in square brackets decrease 
with depth and decrease more rapidly with increasing frequency  Thus 
the peak of the velocity spectrum will have a tendency to shift toward 
lower frequencies with increasing depth 

2 
Equation (5) can be used to eliminate C from (4) to obtain 

. cosh k(z+D)   , . .. 
P = pg A^ih-kD ^osf^-*) 

The horizontal displacement, X, may be obtained from (3) by integration 
with respect to time to obtain 

Y _ A cosh k(z+D)    , ^ ,, 
X " A cosh kD ~ sin(ot-« 

The corresponding spectra are 
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c r  -> A 22 .2rcosh kCz+D),
2 

E (o) do  =   p g  A [ r-Tn -] p &      cosh kD 

2 
„ , .. ,        .2 rcosh kfz+D) , Exw da =       A  iiirir i 

At the surface the peak of these spectra must agree with the peak 
of the height spectra, but the high-frequency components are attenuated 
with depth more than the low frequency components  Thus with relatively 
flat or bimodal spectra, there is a tendency for the peak of the spec- 
trum to shift toward low frequencies 

Other transformations, which will produce other changes in the 
spectra, and in the period which seems to be most important will be 
appropriate to some engineering problems 

It seems that no one definition of the "significant period" for a 
wave field m which waves of several frequencies are present, can provide 
the best value for use in all engineering calculation 

SUMMARY AND CONCLUSIONS 

The wave-height estimates obtained from any particular wave gage by 
any of the analysis procedures tested are consistent, in the sense that 
the ranking of estimates obtained by one procedure will be nearly the 
same as that obtained by any other analysis procedure tested  But a 
scale correction may be necessary to obtain the best fit between data 
analyzed by two different procedures 

The period data obtained by different analysis procedures are not 
consistent and the estimates of a characteristic wave period have little 
value unless the procedure used in obtaining the period estimate is 
known  Comparisons between wave periods may be more satisfactory when 
the data are stratified in some way which makes the data sample more 
homogenous  Restricting attention to waves more than 3 feet high is one 
such stratification which improves the consistency of the estimates 
Other forms of stratification may also be useful 

It appears that the best procedure for engineering design will be 
to disregard the tabulated periods, and to consider every period that 
might reasonably occur, along with the given height estimate, to deter- 
mine the critical conditions or the design wave 

The best choice for a design wave for a particular environment 
depends on the problem to be considered  No single value can be 
sufficient for all problems 



100 COASTAL ENGINEERING 

REFERENCES 

Blackmail, R B and Tukey, J W , The Measurement of Power Spectra, 
American Telephone and Telegraph Co , 1958, reprinted by Dover 
Publications, New York 

Cartwright, D E , "A Comparison of Instrumental and Visually Estimated 
Wave Heights and Periods Recorded on Ocean Weather Ships", National 
Institute of Oceanography, October 1962 

Cooley, J W and Tukey, J W , "The Fast Fourier Transform", IEEE 
Spectrum,  Vol 4, p 63-70, 1967 

Draper, L  "The Analysis and Presentation of Wave Data - A Plea for 
Uniformity", Proceedings of Tenth Conference on Coastal Engineering, 
ASCE, New York (1967) 

Esteva, D and Harris, D L , "Analysis of Pressure Wave Records and 
Surface Wave Records", Proceedings of Twelfth Conference, ASCE, 
Washington (1970) 

Hogben, N and Lumb, F E with Appendix by Cartwright, D E The 
Presentation of Wave Data from Voluntary Observing Ships,  National 
Physical Laboratory, Ship Division, London, 1964 

Hogben, N and Lumb, F E , Ocean Wave Statistics, National Physical 
Laboratory, Ministry of Technology, London, 1967 

Kinsman, B , Wind Waves, Prentice-Hall, Inc , Englewood Cliffs, N J 
(1965) p 676 

Ross, D B , "Recent Developments m Remote Sensing of Deep Ocean Waves", 
The New Thrust Seaward,  Transactions of the Third Annual MTS 
Conference, the Marine Technological Society, Washington, D C 
(1967), p 371-393 

Taylor, G I , "The Spectrum of Turbulence", Proceedings, Royal Society, 
A164, p 476-490, 1938  Reprinted in Friedlander, S K and 
Topper, L Turbulence, Classic Papers on Statistical Theory, 
Intersaience,  New York, 1961 

Tucker, M J , "Simple Measurement of Wave Records", Proceedings of 
the Conference on Wave Recording for Civil Engineers, N I 0    (1961J 
Also in Dock § Harbor Authority, Vol 42, p 231 


