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RELATIONS BETWEEN THE RUN-UP AND OVERTOPPING OF WAVES 

by 
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ABSTRACT 

The quantitative relationships among run-up, overtopping and refle- 
ction of waves are presented in this paper. In addition, the authors 
have proposed several empirical relationships to calculate the height of 
wave run-up and the quantity of wave overtopping in the region of standing 
waves. 

INTRODUCTION 

The run-up, overtopping and reflection of waves are mutually inter- 
related through the medium of wave energy, and these phenomena are rem- 
arkably affected by the slope of the sea-wall, the slope of the sea bot- 
tom, the wave steepness and the water depth at the toe of the sea-wall, 
showing complicated variation. Studies of this kind are few up to now, 
and several problems have been yet unsolved. 

The slope of the sea-wall has much influence on the height and wave 
profile of run-up, the quantity of wave overtopping and the rate of re- 
flection of waves. In this paper, the quantitative relationships among 
the phenomena of run-up, overtopping and reflection of waves are shown. 

In addition, several empirical relationships have been proposed to 
calculate the height of wave run-up and the quantity of overtopping in 
the region of h! > ( li )  , in which hi is the water depth at the toe 

of a sea-wall and ( h,    )  is the water depth of breaking of progressive 

waves, as shown in Fig. 1. 
The definition diagram is shown in Fig. 2. In conducting the ex- 

periments, the impermeable and smooth slope was used. 
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RATE OF WAVE REFLECTION,  r 

When the water depth at the toe of a sea-wall is larger than the 
depth of breaking of incident waves, the waves impinging against the 
slope of the sea-wall may be classified into the two kinds of surging 
waves and breaking waves, depending upon the slope of the sea-wall and 
the wave steepness.  ' 

Miche (1951) found that if the slope of the sea-wall was gentler 
than the critical slope, the waves in front of the sea-wall broke on the 
slope.  The angle of the critical slope of the sea-wall, 8c,which is 
related to the wave steepness in the deep water, Ho / Lo was given by the 
following Eq. (1) by Miche. 

Hb 
/ 28 / TT • ( sin28 /IT ) (1) 

According to Miche, the rate of wave reflection are given by 

for    8^8 (2) 

-1 
/ 28 / 7r • ( sin28 AT ) • ( H0' /L0 } 

(3) 

for 8 < 8 

in which ^ is a correcting coefficient of reflection ( approximately 
equal to unit ). 

Eq. (2) and Eq. (3) have been already confirmed experimentally as 
shown in Fig. 3. 

HEIGHT OF WAVE RUN-UP,  R 

It is hard to say that quantitative investigations on this problem 
have sufficiently been made so far.  The authors have investigated the 
relationships between deep-water-wave steepness, HjJ / Lo , and the slope 
of the sea-wall giving the highest run-up as shown in Fig. 4. 

(1) For Surging Waves  ( Hd / L0 £ /28 / IT . sin28/ir ) 

The height of wave run-up, R , may be obtained by making use of both 
Miche's linear solution for surging waves and non-linear effect for finite 
amplitude standing waves as follows. 
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R 
H,  -  Kg t / IT / 20  + &       ) (4) 

in which HQ : wave height in deep water,  9 : angle of inclination of 
a sea-wall to the horizontal plane,  K  : shoaling factor C = H, / HJ , 
H1   : wave height at the toe of a sea-wall ), S   : the term representing 
the non-linear effect 

6=  ( n(tW " Hi > /H>- (t) max 

o of Sainflou's equation for finite amplitude standing wave is 
given by 

fis  =  j ki H! coth ki hi (5) 

in which hi : water depth at the toe of a sea-wall,  ki = 2 TT / L\, 
and Li : wave length at hi . . 

(SJJ-  of the second-order solution for finite amplitude standing 
wave is given by 

(L.  =   ( 1/8 ) kiHi ( 3 coth3 kihi + tanh kxhi )  (6) 

On-  of the third-order solution for finite amplitude standing 
wave is given by 

in which £A  ( j< 1 ) is expressed by 

** - ^'H-ZTn^ (i- /rn^u 
in which S is expressed by 

2 2 
Hiki ( bn+ bi3+ b31+ b33) 

(9) 

in which b   , b   , b   and b  are expressed as follows. 
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bn = (  1/32     )(  3oo~2    + 6(0_1 - 5       +     2o) ) (10) 

bi3 = (  3/128  )(  9(o'2    + 27a)"1 - 15    + co    + 2m2  )        (11) 

b3i = (   1/128  )(  -3(i>~2  - 18(0"' +     5   ) (12) 

b33 = (  3/128  )( 9<o~3     - 3io"2 + 3d)"1-    1  ) (13) 

in which (0 =  ( tanh kihi ) 2 (14) 

&!- of the fourth-order solution19' for finite amplitude standing 
wave is given by 

Sp. =  (SJJJ- +  ( 1/6. )( k,H, ) e^ ( boa + b22 + b^2 

+ b0h  + b21) + bt, ) 

(15) 

in which bo2   ,   b22   »   bi*2   ,   boi+   ,  h2k  and bi,^  are  shown as   follows. 

bo2       =        (  l/512/(o   ) C -27uJ2     +     288(i)'     +  168     -     2100J 

-    45to2     +     180)3   )      (16) 

b22       =        (   1/512^ ) (   -81U1*     -     54U3     +     423W2     -     583d)1 

+     108        -     195C0       -     18U2)    (17) 

b2i,        =       {   1/512   (3+0))/u  }   (   324o53     +     2484(o"2     -     1152U1 

-     2072     +     1092(0     +     420U)2        -     72U)3   )    (18) 

b0i,       =       (   1/512^ ) (   54UT3     +     243C02     +     198UT1     +    6 

b.,2       =       {   1/512   (3+4U)>/W  }      (  -81U3     -     1053102     +     630)1 

-     283     +   282U   ) (20) 

bin       =       {   1/512   (5+U)v4T}   (  40560'*     +     810)3     +     522(02 

-     2620)1     +     1     +     21W  ) 

(21) 
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The calculated values of the term representing the non-linear effect,6 
were compared with the experimental values, as shown in Fig. 5. 

In Fig. S, &^ or &g. give generally quite appropriate values in the 
region of    standing waves, but they give slightly smaller values in 
the region of breaking waves on tana = 1/30 or 1/10. The reason was 
considered that the small amplitude wave theory was used for the calcu- 
lation of K and there were some sprays of waves on the slopes. 

On the other hand, 5- gives larger values in general but gives sui- 
table values in the region of breaking waves on the slope of the sea-bottom 
bottom tana = 1/30 or 1/10. 

Therefore, it was decided to use &     from a point of view of the pra- 
ctical use. 

(2) For Breaking Waves  ( H{ / Lo 

Hunt (1959) proposed a formula to calculate the height of wave run- 
up in the breaking waves region .c3) 

However, in Hunt's equation, the condition near the boundary between 
the surging waves region and the breaking waves region are not considered 
as shown in Fig. 6. 

Therefore the Eq.(22) was proposed for the cases when the slope of 
a sea-wall tan6 >1/Q, 

R   24 
-, = K  ( / it/ 2 6  + 6 ) ( tan9 / tan6  )       (22) 
HQ     s c c 

in which, 6  is the angle of the gentlest slope that produces surging 
waves which can be calculated in Eq.(1). 

Fig. 7 shows the comparisons of the experimental values with the 
calculated values of the height of the wave run-up, R/Ho , indicating 
a fairly good agreement of the experimental values with the calculated 
values. The values of 6     shows a considerable aplicability as shown in 
Fig. 8. I 

QUANTITY OF WAVE OVERTOPPING, Q 

The phenomena of wave overtopping occur when the crown height of 
the sea-wall is lower than the height of the wave run-up. 

As to the maximum quantity of overtopping, the relationships between 
the slope angle of the sea-wall and the deep-water-wave steepness were 
studied by experiments. Fig. 9 shows the results. According to Fig. 9, 
the maximum overtopping of waves occurs at the critical region between 
surging waves and breaking waves. 

There are two methods to relate the height of wave run-up to the 
quantity of overtopping. One is the method which uses the profile of 
wave run-up ,u "> and the other uses the surface elevation of wave run-up 
on the front of the sea-wall .lll> ll2) 

This study is concerned with the former, but whichever method is 
used, it is thought to be of practical importance to find out a response 
function against the incident waves. 
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(1) For the Vertical Wall 

It was assumed that the quantity of overtopping for a constant wave 
period, Q, is proportional to the water volume of the run-up wave above 
the crown height of the sea-wall, V. From Fig. 10, 

Q = a B V (23) 

in which a : the coefficient for quantity of overtopping, B : the width 
of overtopping. 

If the wave profile obtained from the second-order approximation is 
used of finite amplitude standing wave theory without overtopping, the 
water quantity of overtopping can be calculated. 

Q = \B{Xc{ Yx) "Ho} dx 

= a    B   [   (  H,   / k,   )   sin k,x 
II ' ' *   c 

+ ( H? / 16 ) (3 coth3 kjhj + tanh k^ ) sin 2 kxx 

- H x ] (24) 

in which H  : the crown height of a sea-wall from the still water level, 

Dj. (x) : the profile of wave run-up of the second-order solution of 
finite amplitude standing wave theory, and x  ( < Lj/ 4 ) can be obtained 
by n (x) = H 

in which 

cos k,x = ( 1 / 4 d )( / Hf + ~8 d ( d + H )        - H, ) 
c c 

(25) 

d = ( 1 / 8 ) ktH
2 ( 3 coth3 k^j + tanh k^j ) 

(26) 

when hi > ( h )  , in which ( h )   defines the water depth of break- 
—   b s b s 

ing of standing waves, a-jr is given by the following equation, which was 
obtained by the experiments 

^ = 9.3 ( HJ / L0 ) f \  " Hc \  V2 (27) 

in which Rw shows the height of wave run-up of the second-order appro- 
ximation of finite amplitude standing wave theory. 

The quantities of overtopping obtained by the experiments were com- 
pared with the calculated ones, as shown in Fig. 11. 

Fig. 11 shows that Eq.(24) may be stated to be in a fairly good 
agreement with the experimental values. The mean value of Q   / Q       , 
( 0   / Q 7~ ), and the standard deviation, a   ,   are given by 
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C 2   / Q , ) = 0.98 
exp   cal 

and |   „       (28) 

a I,  "exp 
E { _^25E__ ( _exp_} }  . 0_28 

2cal 

When hi = ( h, )  ^ ( h, )  and tan a = 1/10, in which ( h  )  denotes 
1> p     b s top 

the water depth of breaking of progressive wave and tan a is the slope, 
a. is given by 

2/               RI - Hc  i/0 
a^ =  5.5 [ hi / ( 1^ )g ] 3 C HJ / L0 ) (  -  )2 

(29) 

Values of ( Q   / Q , ) and a  for Eg.(29) are given by 
exp   cal 

( Q   / Q  . ) = 1.10 exp   cal 
and (30) 

a =  0.40 

Further investigations are needed to get higher accuracy. 

(2) For the Sloping Wall 

If the wave profile running up on the slope of the sea-wall in the 
case of non-overtopping of waves can be approximated by a trapezoid, 
as shown in Fig. 12. The quantity of overtopping is obtained by the 
following equation. 

Q = afi B V 

= ( aQ U B [ 
IL        2 ( cot y - cot 6 ) 

+ 0.15 Hi ( R_ - H  ) ] (31) I   c  J 

in which ( a„ )-rr denotes the coefficient for quantity of overtopping, 

Y is an angle at the edge of the profile of run-up wave, cot Y is given 
by the following equations, obtained by the experiments, 

when cot 9^1, 

cot Y = 67 (Hi / Li ) ( cot 9 J1-6 (32) 

when cot 9=0^1 , 

cot Y = { n + " ( " " 1 '  cotz9 i1  cot 9 (33) 
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in which 

n = - 3.224 log10 {   } (34) 
1 + ( 67 Hj / Lj )z 

Fig. 13 shows that the comparison between the experimental and 
calculated values may be stated to be in a fairly good agreement. 

When h[ ^> ( h. )  » ( a~ )-n is given by the following equation 

obtained by the experiments. 

( aQ )  = 7.6 ( cot 6 )    ( H' / L0 ) (35) 

Fig. 14 shows that the comparison between the experimental and 
calculated values may be stated to be in a fairly good agreement. 

Values of ( Q   / Q   ) and a calculated by Eq.(35) are 
exp   cad. 

( Q   / Q  , ) = 1-00 
exp  *cal 

and (36) 

a =  0.35 

When hj = ( h     )  ^ ( h  )  and tan a = 1/10, ( a  )  is given by 

the following equation. 

log 10 I aQ )  = log10 6.6 + 1.8 log10 { In / ( hj^ ) g } 

( h. )  - hi                % - H 
+ 2 {  ^_^  } logi0 ( _J o_ 

^b's-^b'p 

+ 0.73 log10 cot 9 + 0.83 logj0 H' / L0 

(37) 

Values of ( Q   / 0 , ) and a calculated by Eq.(37) are 
exp   cal 

( Q   / Q , ) = 1-00 
exp   cal 

and (38) 

a =  o.5i 

Further experiments are needed to get higher accuracy. 
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CONCLUSIONS 

In the previous studies, the run-up, overtopping and reflection of 
waves were studied as an independent phenomenon, and their interrelation- 
ships have never been discussed adequately. 

In this paper, the calculation formulae were proposed for the height 
of wave run-up and the quantity of overtopping, and proved to give fairly 
good values to the experimental values. 

Furthermore, relationships between the height of wave run-up, quantity 
of overtopping and the rate of reflection of waves were investigated by 
experiments.  Their correlations were presented in details, and summarized 
in Fig. 15. 

It is clear in Fig. 15 that the slope which produces the highest 
run-up of waves is nearly in agreement with not only the slope which 
produces the maximum overtopping, but also the gentlest slope that pro- 
duces the total reflection.  In other words, the highest run-up of waves 
and the maximum overtopping of waves arise generally in the critical 
region between surging waves and breaking waves.  The equation for the 
critical condition is generally shown in Eq. (1) for the region of stand- 
ing waves. 
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Fig. 2. The definition diagram in this paper 
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Fig. 15. Correlation characteristics among run-up, 
overtopping and reflection of waves 




