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ABSTRACT

A possibility to estimate the water particle velocity
of breaking wave on beaches by giving only the values of
the beach slope i and the deep-water wave steepness Hy/Lp
is investigated. The data of the water particle velocity and
‘profile of breaking wave on the beaches measured by Iwagaki,
Sakai, Tsukioka and Sawai(1974) are used for this purpose.
A method of using empirical curves relating the coefficients
of Dean's stream function to i and Hy/L, does not give good
results. The relations between the asymmetric breaking wave
profile, i and Hy/L, are examined. As well as the front face
of the profile, the slope behind the crest above some level
is found to become steep when Hy/L, becomes small. The break-
ing wave profiles are reproduced by using the empirical
curves relating the parameters characterizing the breaking
wave profile to i and Hy/L,. The velocity of Dean's stream
function calculated from the reproduced profile explains the
measured velocity better than that of Stokes waves. It is
therefore possible to estimate the water particle velocity
of breaking wave on beaches by giving only the values of i
and Hy/Log .

INTRODUCTION

The water particle velocity of breaking wave on beaches
is very important in discussing the wave forces on coastal
structures and the sediment movement in surf zone. However,
one can find few investigations on this subject(for example,
Adeyemo (1970) and Thornton, Galvin, Bub and Richardson(1976)).
This is because the measurement of the water particle velo-
city of breaking wave is very difficult.

Recently the horizontal water particle velocities of
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breaking waves on the beaches with the slopes of 1/10, 1/20
and 1/30 were measured in a wave tank with a high speed
camera (Iwagaki, Sakai, Tsukioka and Sawai(l1974)). It was
found that the existing small and finite amplitude wave theo-
ries can not explain the measured water particle velocities.
The velocities of small amplitude waves agree roughly with
the measured ones. in average, but the vertical distributions
of small amplitude waves were more uniform than those of the
measured ones. The vertical distributions of the horizontal
velocity under the crest phase of the breaking wave were
found to be classified by the breaker types.

The water particle velocities of Dean's stream function
(Dean(1965)) were calculated by giving the simultaneously
measured asymmetric breaking wave profiles(the wave record
at the breaking point) (Iwagaki and Sakai(1976)). Although
Dean's stream function is based on the assumption of perma-
nent type waves on the horizontal bottom, the calculated
velocities of Dean's stream function explained the measured
velocities better than the existing theories of symmetric
wave profile. It was concluded that the asymmetric breaking
wave profile dominates the water particle velocity field of
the breaking wave on beaches.

From the view point of practical use, it is desirable
that the water particle velocities of breaking waves on
beaches can be estimated by giving only the values of para-
meters such as the beach slope and the deep-water wave
steepness or Iribarren number (Battjes(1974)). This investiga-
tion is one approach to this problem.

RELATIONS BETWEEN COEFFICIENTS OF DEAN'S STREAM
FUNCTION, BEACH SLOPE AND DEEP-WATER WAVE STEEPNESS

Dean's stream function represents the parmanent waves
on the horizontal bottom:

N-1
v o= —%—z + ) sinhlﬁ:gl%ihizlx
n=l 6,8, -
X(choslg:%llz + Xn+lsinl£:%l£5] (1)

in the reference x-z moving with the waves, where L is the
wave length, T the wave period, x-axis in the direction of
wave propagation, z-axis vertically upward from the still
water level, h the water depth, Xn the unknown coefficients.
The sine terms in Eg. (1) are introduced so as to represent
the asymmetric wave profile. At the water surface z = n, the
value of the stream function Y (x,n) becomes constant(= Xj3).
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The wave profile n is therefore expressed as follows:

N-1
n = —-%—-X:; - ——%—-z sinh_(.z.l:_z_)._’[]i_(}mX
n=l, 6,8, -
x(xncos—(ﬁl%)—l5 + Xn+lsini§:%L1§) (2)

As seen from Eq. (2), the wave profile is determined by giving
the unknown coefficients Xn. The relations between the coeffi-
cients and Iribarren number £, are examined at first.

The horizontal water particle velocity u is obtained by
differentiating § with respect to z. The obtained horizontal
water particle velocity in the fixed reference is expressed
in non-dimensional form as follows:

N-1

u Y, z h+z
TR T Ty (n-2)mcosh((n-2) Y, ] %
gh Yv fone,8,. .- h
x{Yncos{(n-2) 8} + Yn+lsin{(n-2)781}), (3)
where Y, = h/L, Y, = H/L, Y, = Xl,/LHl/g/h, ................. .
Yn = Xn/LHVg/h, +«ccoeees , 8 = x/L - t/T. Table 1 shows the

experimental conditions of 39 cases in which the breaking
wave profiles were measured by Iwagaki, Sakai, Tsukioka and
Sawai(1974). In this table hb is the breaking depth and Hb

is the breaking wave height. In 20 cases among them the mea-
sured horizontal water particle velocities were compared with
the theoretical velocities. Dean's stream functions were
already calculated for all 39 cases. Fig.l shows two examples
of the relations between the non~-dimensional coefficients ¥Yn
and Iribarren number £, for 39 cases. The quantity &, is de-
fined as i/vHy/L,, where i is the beach slope and H,/L, is
the deep-water wave steepness.

As seen from FPig.l, the data scatter considerably as
well as in the relations between the breaking depth, the
breaking wave height and the deep-water wave steepness. On
the other hand, it is clear that the non-dimensional coeffi-
cients of Dean's stream function are not determined by
Iribarren number only. The data for the different beach slope
have a different trend. Empirical curves were drawn through
the plotted points for each beach slope. Using these curves
for all non-dimensional coefficients and Eq.(3), the hori-
zontal water particle velocities at crest phase were calcu-
lated for the same 20 cases by giving the values of the
beach slope and the deep-water wave steepness in each case.
Fig.2,(1),(7) and (12) show three examples of the compari-
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Table 1 Experimental conditions of analyzed data
(Iwagaki, Sakai, Tsukioka and Sawai(1974))

No. i T(see) Ho/Lg hy(em) T/g/h H (cm) Hy /by ik
* 1-1-1  1/10 1.00 0.066 11.2 9.4 9.7 0.87 1
* 2 0.96  0.046 7.4 11.0 6.7 0.91 2
* 3 1.01  0.029 6.2 12.7 5.3 0.85 3
2-1 1.26 0.035 10.5 12.2 10.3 0.98
2 1.23  0.024 8.3 13.4 6.6 0.80
3 1.27 0.017 6.5 15.6 6.4 0.98
* 0 3-1 1.37 0.028 11.9 12.4 10.0  0.84 Uy
* 2 1.38 0.022 9.6 13.9 9.0 0.94 5
* 3 1.50  0.013 6.8 18.0 6.8  1.00 6
* 2-1-1  1/20 1.00 0.074 16.0 7.8 8.7 0.54 7
* 2 1.00 0.051 10.6 9.6 8.2 0.77 8
* 3 1.00 0.031 6.9 11.9 6.1 0.88 9
2-1 1.26  0.048  14.3 10.4 12.7 0.89
2 1.24  0.038 11.0 11.7 9.4  0.85
3 1.24 0.019 11.5 11.5 4.6  0.40
*  3-1 1.49  0.032  14.7 12.2 12.5 0.85 10
* 2 1.48 0.020 lo0.4 4.4 8.3 0.80 11
* 3 1.46 0.012 6.2 18.4 5.7  0.92 12
y-1 1.64  0.025  14.5 13.5 11.5 0.79
2 1.65 0.018 11.0 15.6 9.6  0.87
3 1.65 0.009 6.8 19.8 5.8 0.85
5-1 1.94%  0.011 11.5 17.9 8.8 0.77 13
2 1.94  0.009 9.7 19.5 8.1 0.8+ 14
3 1.96 _ 0.005 6.9 23.4 6.0 0.87 15
*# 3-1-1  1/30 1.01 0.057 11.8 9.2 8.2 0.69 16
* 2 0.98 0.043 9.7 9.9 6.6 0.68 17
* 3 0.98 0.029 6.8 11.8 4.4  0.65 18
2-1 1.24 0.026 11.5 11.5 8.6 0.75
2 1.23  0.024 8.5 13.2 7.0 0.82
3 1.25 0.015 6.2 15.7 5.5  0.89
*  3-1 1.49  0.025 12.8 13.6 10.9 0.85 19
% 2 1.50 0.016 10.1 14.8 7.6 0.75 20
3 1.46  0.009 6.3 18.2 4.5  0.71
Y1 1.64 0.020 12.6 14.5 9.9  0.79
2 1.60 0.014 9.7 16.1 7.6  0.78
3 1.60 0.007 6.0 20.5 5.0 0.83
*  5-1 1.92  0.012 12.2 17.2 9.6 0.79 21
% 2 1.98 0.008 9.9 19.7 8.1 0.82 22
* 3 1.92  0.005 6.6 23.4 5.9 0.89 23

* case in which the water particle velocity is dicussed
#* No. used in Iwagaki, Sakai, Tsukioka and Sawai(1974) and
Iwagaki and Sakai(1976)
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Fig.2,(1)v(4) Examples of comparisons between calculated
and measured water particle velocities



WAVE VELOCITY ESTIMATION 557

0.5

1.5

z+h

1.0

0.5

0 0.5 u/»/ghb

(7) (8)

Fig.2,(5)+(8) Examples of comparisons between calculated
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Fig.2,(9)~(12) Examples of comparisons between calculated
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sons between the measured horizontal water particle velocities
at crest phase and the calculated velocities denoted by D'.

In these figures are also shown several theoretical veloci-
ties as follows (Iwagaki and Sakai(1976)):

S : Stokes waves with first definition of wave
celerity

S' : Stokes waves with second definition of wave
celerity(Tsuchiya and Yamaguchi (1972))

D : Dean's stream function with measured wave
profile

D' : Dean's stream function with determined
coefficients

D" : Dean's stream function with reproduced wave

profile (explained later)

Unfortunately the calculated velocities by using the
empirical curves for the non-dimensional coefficients(D')
are in general smaller than the measured ones. In Figs.2, (1)
and (12), the velocity near the water surface is rather
smaller than that near the bottom. One reason is of course
the scatter of the values of the non-dimensional coefficients.
Furthermore, the term in the summation of Eg.(3) contains
(n-2) ncosh{ (n-2) 7Y, (h+z) /h}. Therefore, even if the value
and the scatter of ¥Yn of large n are small, the error of
estimating the term of large n(the higher order term) becomes
large as n becomes large. The contribution of the higher
order term to the water particle velocity is confined near
the water surface. This is why the slope of the vertical
distribution is reversed near the water surface.

RELATIONS BETWEEN BREAKING WAVE PROFILE, BEACH
SLOPE AND DEEP-WATER WAVE STEEPNESS

Considering that the water particle velocity field of
the breaking wave is dominated by the asymmetric breaking
wave profile, it is tried to relate the measured breaking
wave profiles(the wave record at the breaking point) to the
beach slope and the deep-water wave steepness. Adeyemo(1970)
proposed four parameters on the wave profile asymmetry. They
were the relative positions of the crest during one wave
period, the crest height and the slope of wave profile. In
order to represent the asymmetric wave profile exactly, such
a rough parameterization is not sufficient. 39 measured
breaking wave profiles were characterized with 25 parameters
shown in Fig.3. Two parameters ta and na are respectively
the phase and the level of the point on the profile behind
the crest where the slope changes abruptly. Fig.4 shows the
relations between the representative 9 parameters, the beach
slope and the deep-water wave steepness. Although the scatter



560 COASTAL ENGINEERING—I978

¢ ta/T
n/Hp
] 0.7
[teo, 2/T]—— — tpo.7/T
0.6
[tfo.6/T| =t /T
G.5
[tfo. s/T|—H — tpo.s/T
nc/Hb
|t5o.u/T] 0-4 = tpo.0/T
[tfo, 3/T|— 0.3 L tpo.a/T
0.2
[t 2/T| -— tro.2/T
0.1 v
ltto.o/7] ‘—+lo tro /T \ [ £/T
[ ltfo.o/”# -0.1 tro.o/T \

[nt/Hp| [tf-0.1/7] treo /T \
T A g T
lte-g.o/T| 02 tpeo.2/7 \

[t/
Fig.3 25 parameters characterizing breaking wave profile

tt/T
0.4} o
.

0.3]
0.2p~ — -0 — -0— 00

il’ \\"l
(U

5

5 10-2 5 Ho/Ly

(2)
Fig.4,(1),(2) Examples of relations between
parameters of breaking wave profile,
beach slope and deep-water wave steepnhess



WAVE VELOCITY ESTIMATION 561

of the data in each figure is considerable, empirical curves
were drawn through the plotted points for each beach slope.

It is well known, from the classification of the breaker
types, that the front face of the breaking wave profile be-
comes steep and the slope behind the crest becomes gentle as
the beach slope becomes large and the deep~water wave steep-
ness becomes small. This trend is seen in Figs.4, (1) (the
phase of the front trough |tt/T|), (3) (the phase of the front
face at z/Hb = -0.1 |tf-0.1/T|) and (7) (the phase of the
profile behind the crest at z/Hb = 0.0 tr0.0/T). The same
trend is seen in all phases of the front face and the slope
behind the crest below the level of z/Hb = 0.0.

In Fig.4,(4), however, the experimental results of the
phase of the slope behind the crest at z/Hb = 0.3 tr0.3/T
show a different trend. The phase at z/Hb = 0.3 slightly dec~
reases as the deep-water wave steepness decreases. Also as
for other phases of the profile behind the crest above z/Hb
= 0.3, the same trend is seen. This fact means that the slope
behind the crest above z/Hb = 0.3 becomes steep as well as
the front face when the deep~-water wave steepness becomes
small. On the other hand, the relations between the beach
slope and the phases of the slope behind the crest above
z/Hb = 0.3 are not clear.

At z/Hb = 0.2, as shown in Fig.4,(5), only in the case
of 1/10 beach slope, the phase behind the crest becomes large
as the deep-water wave steepness becomes small. At z/Hb = 0.1
(Fig.4,(6)), in two cases of i = 1/10 and 1/20, the phase
becomes large as the deep-water wave steepness becomes small.
Thus, the beach slope has the effect on the level where the
relation between the phase of the slope behind the crest and
the deep-water wave steepness reverses. Fig.4, (%) on na/Hb
explains the effects of the beach slope and the deep-water
wave steepness on this level. The level(the value of na/Hb)
becomes high as the beach slope becomes large and the deep-
water wave steepness becomes small.

As seen from Fig.4,(8), the phase of the point of abrupt
slope change ta/T becomes small as the deep-water wave steep-
ness becomes small. That is, the width of the base of the
crest of the breaking wave profile becomes narrow as the
deep~-water wave steepness becomes small. The effect of the
beach slope is not clear. The crest height nc/Hb, as seen
from Fig.4,(2), shows complicated trends.

REPRODUCTION OF BREAKING WAVE PROFILE

The empirical curves relating 25 parameters to the beach
slope and the deep-water wave steepness in Fig.4 are used to
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reproduce the breaking wave profiles by giving the values of
the beach slope and the deep-water wave steepness. In some
cases, the phases of the front and back faces at z/Hb = 0.7
|tfo.7/T| and tr0.7/T are given, while the crest height nc/Hb
is smaller than 0.7 because of using the empirical curves.

In these cases the crest height is adopted. Also in some
cases, the position of abrupt profile change(ta/T and na/Hb)
is far from the neighboring points determined by the values
of tr/T. In these cases, only the value of ta/T is adopted.

Figs.5, (1)~ (3) show three examples of the comparisons
between the reproduced and measured breaking wave profiles.
In general, the reproduced breaking wave profiles coincide
with the measured profiles except for the small deviations.

ESTIMATION OF WATER PARTICLE VELOCITY OF BREAKING
WAVE ON BEACHES

The reproduced breaking wave profiles were used to cal-
culate Dean's stream functions. The wave profile as the input
to calculate the stream function is dimensional. The mea-
sured wave period and breaking wave height were used to con-
vert the non-dimensional reproduced profiles into the dimen-
sional ones. The water levels of the reproduced profiles were
read at 15 points of equal distance on the time axis. The
value of N was set equal to 13 which corresponds to Stokes
waves of the fifth order. The calculations determining the
unknown coefficients were 5 times repeated.

The curves denoted by D" in Figs.2, (1)~ (12) are the
velocities obtained from the calculated Dean's stream func-
tions with the reproduced breaking wave profiles. In these
figures, are also shown the velocities obtained from the
calculated Dean's stream functions with the measured profiles
(D) and the velocities of Stokes waves of two different
definitions of wave celerity(S and S'). The velocities of
cnoidal waves are not shown because the vertical distributions
are too steep compared with the measured ones. Also the velo-
cities of small amplitude waves are not shown because the
vertical distributions are more uniform than the measured
ones.

As well as the velocities based on Dean's stream functions
with the measured profiles, the velocities based on Dean's
stream function with the reproduced profiles explain the
measured velocities better than those of Stokes waves. Table
2 shows the relative errors of the calculated velocities at
the still water level of 20 cases in which the water particle
velocities were measured. up is the measured velocity at the
still water level. After all, it is possible to calculate the
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Table 2 Relative errors of calculated velocities
at still water level
No i Hg/Ly (uD—uE)/uE (uD,,—uE)/uE —uE)/uE
1-1-1 1/10 0.066 0.27 0.37 0.78
2 0.0u46 0.14 0.05 0.76
3 0.029 -0.06 -0.14 .45
3-1 0.028 0.15 0.20 0.79
2 0.022 0.16 0.u42 0.93
3 0.013 0.04 -0.15 0.74
2-1-1 1/20 0.074 0.27 0.71 0.53
2 0.051 0.08 0.13 0.51
3 0.031 0.26 0.20 0.90
3-1 0.032 0.15 0.51 0.79
2 0.020 0.02 0.23 0.60
3 0.012 -0.07 ~-0.26 0.42
3-1-1 1/30 0.057 -0.10 0.08 0.28
2 0.0u43 0.14% 0.10 0.38
3 0.029 -0.22
3-1 0.025 0.14 0.26 0.61
2 0.016 0.10 0.07 0.50
5-1 0.012 0.12 0.28 0.56
2 0.008 0.00 0.09 0.58
3 0.005 -0.02 -0.18 0.47
average of absolute 0.12 0.23 0.61

values
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horizontal water particle velocity at crest phase of the
breaking wave on the beach more exactly by giving only the
values of the beach slope and the deep-water wave steep-
ness than with Stokes wave theory.

CONCLUSIONS

The possibility to estimate the horizontal water parti-
cle velocity at crest phase of breaking wave on beaches by
giving only the values of the beach slope and the deep-water
wave steepness was examined. The data of the velocities of
breaking waves on the sloping beaches in the wave tank mea-
sured by Iwagaki, Sakai, Tsukioka and Sawai(l974) were used.
The following conclusions are obtained:

1) The coefficients of Dean's stream function are not deter-
mined by Iribarren number only.

2) The velocity calculated by using the empirical curves
relating the coefficients of Dean's stream function to
the beach slope and the deep-water wave steepness can not
explain the measured velocity.

3) As well as the front face, the slope behind the crest of
the breaking wave profile above the level(z/Hb = 0.1~80.3)
which is determined by the beach slope and the deep-water
wave steepness becomes steep when the deep-water wave
steepness becomes small.

4) The breaking wave profile can be reproduced from the em-
pirical curves for the parameters of the profile by giving
only the values of the beach slope and the deep-water
wave steepness.

5) The velocity based on Dean's stream function calculated
from the reproduced breaking wave profile explains the
measured velocity, as well as the velocity based on Dean's
stream function calculated from the measured wave profile.

6) It is therefore possible to estimate the water particle
velocity of breaking wave on sloping beaches by giving
only the values of the beach slope and the deep-water
wave steepness.
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