CHAPTER 53

The Dissipation of Wave Energy by Turbulence

by
Yu Xuang-ming#

1. Abstract

This paper first givesabrief review of the sxisting rmsearch worke on the
laws governing the dissipation of wave enargy by turhulancs. Starting from the
general theory of turbulent motion and the writar's suggestion in regard to the
mixing length of water particles in two-dimsnsional fow and making use of the
principle of dimensional analvsie and the trochidal wave theorv, a formula has
been derived to compute the mean diesipation per unit time and per unit hori-
zontal area of wave enargy due to turbulence. The formula takes the horizontal
and vartical gradients of both the horizontal and vertical velocity flalds into
consideration. Coefficient in the formula has been determined through labomtory

experimente,

2. A Brisf Review of Former Research Works

Tt is not far since the presentation of ths suggestion that fluid turbu-
lance plave an important role also in wave motion, The scientific ressarches
on the laws governing the dissipation of wavs enargy bv turbulsnce wars
started in the late forties of this century, but only in and after the fif-
ties of this century had more resmarch works been gradually done,

There are generally thres diffsrant mathods to study the problem of
turbulent dissipation of wave enargy. The first onsa baeas znlsly on the
principle of dimensional analyeis, making use of the m-theoren. The advan-
tages of this method lie in ths simplioity of the process of derivstion, but
the selection of the independent varisbles and the determination of the
formula patterns are to a certain degres arbitrary,The typical example apply-
ing thie method of analysis can be found in 1iterature (I),
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The second method utilizes the thaorstical ralationship of viscous Aissipation of
wave energy, replacing the coofficient of kinematic viecosity by means of the coafficient
of kinematic eddy viscosity and then finds the functional relationghip bastwean the latter
coefficient and the ralevant physicalquantitiss characterizing wave motion, applving the
principle of dimensional analyeie. The virtuea and defacts of this method are basically
the same ae that of the first method., Its typical examplas of application can ba found
in 1literaurs (2),

The third method makee uae of the theory of turbulent flow. This method procsade
from the internal structure of the currant, givesa deeper insight into the essence of
the phenomenon and therefors hae been widely used. Neverthelese, the existing theorise
taka only the vertical gradients of the horizontal valocity fisld into consideratinn,
But in wave motion, the magnitudes of tha horizontal and vertical gradisente of both the
horizontal and vertical velocity fields are of ths sama ord=r, Thev ehould ba considared
simultaneously, Literatures. (3) and (L) can be raferred to as the examples of application
of thie method.

The diecrepancies among the resulta of the existing research works are vary great,
For instance, according to Yykogeu (5), the average rate of ensrgy disaipation of wave
motion due to turbulence is 108 times as great ae that computed by meane of the formula
suggeeted by KptidioB (I). Similarly, if one usea the results of WyaelikuwH (6) and Sospo-
KABHCKA A (3), the calculated valuee of this quantity will be several times to nearly
one hundred times as great ae that of kp’blMB for flat waves and atesp wavee reepeétively.

3, Theorstical Analysis

For two-dimensional turbulent flow, ona may assume (7),(8)

Ty =re( 3y + 5%

Ta=-Gi +2P€ 3 t

Tyy=-C} +2PeSy
in whichs ‘ny ~ew~y componént of the turbulsnt strese acting on a surface element, the
outward normal of which.ie parallel to the X-axisj

Txx and Tyy -hava a similar meaning;
P ~we~ mase denaity of liquid;

€ ~=~= coefficient of kinematic eddy viscosity;
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U,V ===~ component velocities averagad over time in the X and Y directions;
Cy,Cp—=~ conetante; )

Referring to Prandtl'e euggaation {8), in the case of two-dimensiohal flow, one
may put

g= PIFI 2

At CIEHC O RIC X TN 3)

{ is the mixing length of fluld particles.

Where

According to the trochoidal wave theorv of desep water (7), the Carteaian coordinates
of water particles are:

X=0+ 4-he™ sing
Y=b~ Z-he" cosy }

whers: Qe Katdt K= &1 o=
)\--- wave length;

4)

T -—~~ wave period;
t e=== time;
h —=~- wave height;

a, b ~--~- the 'lLagrangian coordinates of a water particle, b=0 at fres surface;

e --== base of the natural logarithm;

X,Y «--- the horizontal and vertical coordinates of water particle {(a, b) et

time t; X-axia coincidea with the central lime of water surface and its positive direction

ie opposite to that of wave propagation; Y-axis is vertical and positive upwards, It
pasesa wave trough at t=-o,.

Differentiating Eq.(L) with reapect to t ylelde

U= 8% = Lhee cosp =—5y—b) }

5
Ve 2L~ LheeSSsing = 6(x-a) 5

Differentisting Egs(l) and (5) with reepect to X and Y succesaivaly and simplifying
the resulting equations gives

8y _, =Gk Sing M Chi(RatCose)
ERS - ay i—%2

(6)
v __ ~Ch(h-cose) |, v

ox - F ay -2
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in which in
Th okb
Ry="R-¢
Hemce F,.:: 282
(1-RP¥ (T)

Subetituting Eas,(z),(6-) and (7) into Eq,(I) and rearranging the results, ome can obtaln

T 4o Ricose

WETTOTRD

=t - ALL G M sing (
T Cy < 1 "‘ﬁ« y 8)
Ty —Cp +- 55T
Based on the thaory of. t\mmlmt flow (9), the energy loee 4! of turbulent motion

per unit time and per unit liquid volune ie

$=Tu 5% + Ty By + TS+ ) (9)
Subatituting Eg. (6) and (8) into Eq (9) ylalda

293 R} 22 Qﬁ1§ n
= -+ -
"P ““ﬁf} (C| Cz) [ : (10)
If one imaginee two vertical planee to be drawn et unit creet width spart parallel
to the direotion of wave propagation and extended from water surface to bottom, the total

turbulent diesipation Ej per unit time and per wave length of the fluid between thess
planse ie

Ep=JJ ¢dxdy NCED
According to the mle of changing .of veriables (I0), it followe immediately that
§0andy={ 9| 3% dads 2)
D(x,Y)

in whioh

m] is the functional daterminant of X,Y with respect to a,b,
Differentiating Eq. (1) with respsct to e and b eucoceesively, eubetitutimg the
resulte into the expression of ‘-%%:;—"YEH and simplifying leeds te
|D(a Sl "ﬁf 3
Froa Eqs (10)=(23) 1t may be easn that
Ex =696 i oo ) db (14)

Op = p
In twoedimeneional flow, the writer suggeets thet

L=1(F, 3,4 (15)

In accordance with the prinoinle of dimensional analysias, putting

1=[aFMEE) (25|

where €| 1e a dimensionlses vonetant, one ocbbaine

ﬁ"\'—‘i ' -ﬁ_z*‘_Ba'"l
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Thue aF2 B
, 2 2
=24 |2 (16
Differentiating .Eq. (7) with respsct to X and Y reepectively and substituting the
raaulte into £q. (I6) gives
A% [ —fising__ )P

.| .
L= %tis i+ s | A .c057 an
ﬁzis determined from the following conditionai at battam('ﬁr’l)_), A=0; ot watar

surface ( b=0 ), ﬂasy;_ Bzasad o::4thase conditions, one may put B,={, Hence,
2 - .
I= '?(”(f:ffé 1)‘1’il<;05s<.l’)" 18
Setting X equal to ) and O successively in the first pert of Eg. (i) ana
subtrscting ylelds
A= Oxmr — Oxma + 31 [ Sin(KOxen +68) - Sin(KAxoo +6t)) (19)
Byidently, Ox=h— Qiyeg==) 13 & eolution satisfving Eq. (I9), Utilizing thie
ralationship and reeolving ratiohal fraction into simpler partial fractions, one gats
from Eq. (I8) by integration
Oxw 2 p2(— KN
S fda = TEBHE (20)
Substituting Eq. (20) into Eq- (I4) and then integreting, neglscting the minor
terms and applying the relatlonship &=CK (c ie wave celerity), one finds the average
dissipation ET of wave anergy dus to turbulence per unit time and psr unit horisontal

aresa as follows:
B 5 — £Pa?c’ (50)°(1- 4 (52 21

L, Expsrimantal Resulte

In order to find the value of the constant @ in Eq. (2I), experiments were
conducted in hydraulic laboratory, The ratlos of water dapthe to- wave langths ware
controlled in these experiments in such a manner that the eondition of desp water wave
was fulfilled and thus the dissipation dus .bo bvottom friction may not snter,

The wave tank is 62,40 m long, 0.80m wide and I.80m desp and has glase panéle on
both sides throughout its length, Tt is provided with an end slag mound of slops T:I0
to avoid wave reflection. Two wave gauges of resietance type wers usad, Thev ware
placed along the center line of ths tank in measuring sections I and 2 which were
I8.00m apert. The equation of balance of wave energy batwesn sections Tand 2 is

E{"E2=L(ET'+E)‘+EQ+ Ew) (22)

whers
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Eh Ej-—- the everage quantity of enargy transmitted by wavee per unit time and
per unit crest width in the direction of wave propagation through esctione I and 2
respactively;
E),:-'-“ rats of dissipation dus to fluid viscosity, negligible in compadson with
that of. turbulent dissipation;
Ea"“' the average dissipation per unit time and per unit horisontal area in
the boundary eurfacs betwsen alr and 1iquid when weve propagates in calm airj
Ew~~~-thé average diselpation psr unit timed pgp unit horizontal area oeuesd by
the friction of ths sids walls of the wave tank;
L ~-=--- horizohtal distance betwesen seotions I and 2, L#I8,00m;
In acgordanos with ths trochoidnl waws thsory, it ie well known that
S . 2%
B P50 (1- T
in which hyand h,ars the wave heights in ssctions I and 2 respectivsly, and g is the
accsleration of gravity., E, 1e calcuieted by means of LUyJelKMHS formila(6), which
was derived on tha basls of wind tunnal besta,
E=Xp 4 (24)
whare §' is the density of alr and X 1e a dimeneionless coefficient, Ae for the velue
of By, Hunt's result (II) is applied,
£ w— .gg_‘/—%_é‘- ﬂz (25)
where B ie ths width of the wave fank and A4 13 the dynamic viscoslty of water,
From Eqs. (21)-(25), the value of 2 can be computed with the help of the
measuring data. The rasult of computation is shown in Teble I,
From Tabls I, the mean value of a® can be calculsted to b‘ea'z = ,0376, its etandard
deviation §== a’éﬁ ¥ ,0209 and 1ts cosfficlent of varlation Gy=55.5%
Substituting g into  Eq.(21) vields finally
Er= i rC (3 (1- 4 (3] (26)

5, Conclueions

Three methoda of studying the problem of energy diesipation of wave motion due to
turbulenos have baen reviewsd and their edvantages and disadvantagss briefly distussed,
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Table I

Experimental Results of Fnergy Losses due to Wave Motion

Water Wave Wave Wave Water
Run | Depth Period |Celerity| Length / Wave: Helght Tempar-
H
No. H T [ A A (om) ature
{em) (sec) [(cm/sec) (em) hy hy n+h, | ()
2
I 90" 1,05 170 I78 0,50 | I3.6h | 12,70 | I3,I7| 27.0
2 105 0.96 I56 150 0,70 | Ih,60{ 13,10 | I3.,85( I7.0
3 105 1,07 180 193 0.5: | I5,20{13.80 | Ih.50| I7.0
h 120 I.Io 163 179 0.67 17,13 15,16 | I6,1h| 1II.2
5 120 I.23 196 2h1 0.50 | 17,90 | 18,33 | 17.12} 45,0
?
6| I30 1,28 208. 266 0,49 | 19.33] I7.49 | IBLI| II.2
71 IO I.2h | 20T 249 0.56 | 20,23 I8.L7 | I9.35| 2I.5
8 | Iuo 1,36 | 271 300 0,47 | 36.ik 1 32,h7 | 3hh6| 22,0
Atmospheric | Atmospharic Density Dynamic
Run
Temparature | Pressure of Air Viscosity By x- 107 By x107
No.
mn ' x 10% of Water
) Meraury 'P 10 ,U.><102
Column (g/cm3) (g-cm/3ad) | (g-cm/sad)
(Poti s
dyne-Sec/emz)
1 29.5 75T 0,115 0.85h 1,882 1,678
2 20.0 76459 0,121 I.08 I,942 ‘1,578
3 20.0 765.9 0.121 1.08 2,470 2,008
b 12.0 759.7 0,12k 1,26 2,800 2,215
g 245 758 0,118 0,891 3,740 . 3,130
6 I2.0 7597 0,124 1,26 ls, 645 3,818
7 22.0 759.2 0.120 0,969 11,890 11,090
8 23.0 759 .4 0,119 0,958 16,700 13,460




Experimental Results of Energy Losses due to Wave Motion

WAVE ENERGY DISSIPATION

Table I

Run| E= E, By B, —
By 2 gt X104
No. L Ba Bw T - d (d d)
[ (g/sec?) | (g/sec?) | (g/sec?) T
(g/sec?)
I 135.6 9.9 85.2 bo.s 0.0161 L.62
2 202.2 13.2 II7,2 77.8 0,018 5,67
3 2340 12.8 115.2 106.4 00332 0,19
N 325.0 Ih.5 152,2 158.3 0.0274 I.0h
5 339.0 Ih.2 136.3 188.5 Q9593 L1
6 U591 16,7 183.5 259,2 0,0783 16,56
7 Lhlady 18,8 180.5 2h5,.T 0.0465 0.79
8 1800 59.0 Shli.5 1196,5 0.0262 I.30

a0.,0376
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It ssems more properly to approach the subjeot by making use of the theory of tarbulent
flow,

The impertance of considering simultaneously the horizontal and verticsl gradients
of both the horizontal and verti¢al velocity f181lds have been pointed out., An analytical
i"ormula, i.ei,the Eq. (26), has baen derived theoreticallv, with the coefficient in it
determined experimentally, which cmn be used to compute the rate of turbulent dissipation

of wave energy,
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Appendix -2 Notation

ayb  ~=-~ Lagrangisn coordinates of liquid particles, b=~ 0 at free surface
B ~——~ width of wave tank
Cmmma= wava celerity
¢ s 02 ~=-=~ constants

¢y ==w= coefficient of variation

DX, ¥)

D === symbol,
D(as b)),

is the functional determinant of X,Y with respect

to a, b

@=-===.base of the natural logarithm

By, Bz ~=-= average quantity of energy transmitted by waves per unit time and per
unit orest width in the direction of wave propagation through sections
I and 2 respectively

By ==-= average dissipation per unit time and per unit horlzontal area in the
boundary surfacc between alr and 1iquid when wave propagates in calm air

Ej~--—- turbulént dissipation of energy per unit time, per unit crest width and

per wave length of the 1iquid volume extended from water surface to bottom

By=Ey /N

By =--= rate of dissipation due to fluid viscosity

Rw ===~ average dissipation per unit time and per unit horizontal area oaused
by the friction of the side walls of & wave tank

F =--- quanfity defined by Eq.(3)

g ~=-- accoleration of gravity

h,hy, hp ===~ wave heights
K,—-a;\—‘ =——= wave number
i Roe

] w=-- mixing length of fluid partioles

L m~=~~== horizontal distance between wave gauge statione

t wm=e time
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T =~-~ wave period
0 =-~== component velocity in X direction
Y «~-- component velocity in Y direction
X, Y -~--~ Cartesian coordinates
Y ~~-- dimensionless coefficiont
d,ﬁ,,ﬂz. ———— dimensionleas constants
g ———- coafficient of kinematic eddy viscosity
A-—- wave length
M= cosfficient of dynamic viscosity
TC e 3.142
P ~~-- mass density of liquid
P-~--~ mass density of air
@& ~~-- radian frequoncy (= —ZTL )5 standard deviation
’C,(y-- Y component of turbulent stress acting on a surface olement, the outward
normal of which is parallel to X-axis
Txx,fyy“"‘ similar in meaning to Tuy
¢ =HKa+36t, Eq.(4)

Ll)——-— energy loss of turbulent motion per-unit time and per unit ligquld volume



