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WAVE HEIGHT DISTRIBUTION 703
(3) A single relatively large gap in a long permeable breakwater.
For the case of an impermeable breakwater, Penny and Price(1952)
have laready given the solution by superimposing Egs. (13), (14) and
(15) and Egs. (16), (17) and (18). Johnson(1952; 1953), Morihira and

Okuyama (1966) and others have given detailed diagrams for engineering
practice.

We shall write again here the final forms of the solution for
numerical calculation because they will be needed the in succeeding
sections. Suffxs r and £, indicating the cases when the breakwater is
located at the + x and — x regions(Fig. 1 and Fig. 2), will be added.

The final forms are:

Region Al, 0 < x < b/2, y > 0

"y ; ik . L

Flx9) = lb’fr(b'/)w‘e‘k’jr(-u,) + € ) + e'k’gz(—uz)-e tky

=(1=Spi _SII+S’1+5}:.) cos 'éa‘f + (- Wy = Wey = Wia—Wo2 ) sin kg
+ l[("er _VVII +M7r1+ Wn_) COSAJ

+ (<1 +Sp*+Set Syt Spa) St kY] - === === 27)

Region A2, b/2 < x, y > 0

Txy) = &K, cu+ e""’r?g, () * e“""’;;‘( U+ 2, (~ty)- e
= (Sp=Sp1*Sp2 5y ) COS k; + (W Wiy ~Wrz ~Wha ) sinky
L Woy =~ Was + Wra t Wea )COSk;
+(= Syt Sert Spat S, ) sin ij ————————— (28)
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Region C2, x > b/2, vy < 0

Ry = ey ey + e fyuy + €M, (10~ 074
=(2~8p =Sy =SratSe) cos kJ + (~Wp =-Wo, + Wiy~ sz)sf'nké(
+LL(Whi - W Wyt Wea ) Cos by
1 (Sp+ S~ Sra*tSp ) sin bg} = === (29)

In the case of a permeable breakwater, the same idea described in
the preceding section (2) is assumed. To express the waves on the shore
side as show in Fig. 6-(4), the waves in Figs. 6-(2) and 6-(3) are super-
imposed on the waves as shown Fig. 6-(l). On the offshore side of the
breakwater, a reflection coefficient, B, multiplies all terms, eiky,

emfe( U EERR (1) kg, W)+ ERR (1) ko (o) + eikrg (1)

e CuDreMREU) 4 eif,( el e )+ et
—geity — iy eier
b
(1)
a e v fit-in) +elvg(-u2)) e, ( m)+elvgi(-ue)]
(2) ; e
: {
Qe Erfe( )+ eilogy (-11)] i Al () +etng (-ug)]
| i
(3) e
! i
ek u)+ehoge(-us) e-krfe(-u) +-e gy (-uz)
ewfi( wyrelgtw) e m)+etrgi-u)
‘e-i.ky.. -.e-iky

K e’.“"f«(-ul)+e’i"g| -y | ole i wm)+etrm-te)]
ol Ge o f(-u) +elge (-ua)Y | xCer™fe(-un) +eloge(-us)]

@)

b
2

Fig. 6. Superposition of waves for a relatively large gap in permeable
breakwater.
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According to this assumpticn. The F(x,y) which should be added to
Fg(x, y) because the breakwater is permeable are:

Region Al, 0 < x < b/2, y >0

Fxy)= o [€ 44, U+ e“"ﬁgz (U)]+ o([e"'l'if,(—u,)+e"/"’j,(-uz)]
=X[F ) +FA, )] - (30)

Region A2, b/2 < x, vy >0

Fx,g) =of [e %94, u)+ e*9gy (uz)] + o [ 45, (-u,)+ 2™ 97 (-4
=l [FH X, g)+FA(x,4)] —m—m == == === == (31)

. . A . . s
We shall rewrite the function F%, F,, and F}lal, adding the suffixes,
r, L.

F2x,Y) = (S +Sp )coskoq + (W, —Mz)SI'M/QJ
“flf(Wr:*V\Qz)C"Sk;-f("Sr, +Srz)5/l”/?JJ ———— (14)

FHY) = (1=S,+S,) cosky + (~Wp~Wpa) sinky
+i[(‘MZl/ 'fm:.)cwk; + (—I+S:g, +S}z)$/'nk’0‘r]—- - -(/6)/
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FPIX,4) = (Sy +8p2) cos ey +Woy —~Wez ) sin by
+U[(Way +Waa )cos by + (=Spy + Sy, sinky ==~~~ any’

Now, we shall consider the coordinate system.
For Eq. (28), (29) and (27)

Vix - b/2) %+ y

V{x + b/2) 7+ y°

r
r

£y

On the other hand, for Egq. ()", (16)' and (17)°

ry Vix - b/2)z+ y2
ry = /(x + b/2) %+ y°

If we exchange the suffixes r and £ in Egs. (/4 ', (16)' and (17)°
we can use the same coordinate system in Egs. (28), (29), (x7), (14)"',

(16)' and (17)'.

Finally, we have:

Region Al, 0 < x < Db/2, y >0

Bty = FM e+ [F(x,9) + FA(,9))

= {1=(1=o) Sy = (|-&) Sy, +(1+&) Sy, #(1+X) S, ] coS ky
A== X)Wy = (1=0) Woy ~(1+ )Wy = (1+6X )Wy f sin kY
LU0 Wry = (1= )W+ (1+ ) Wos # (148 ) Wha feos by
=1+ (1= Sy, +(1-0) Sy, +(1+%) Sy, + (/+O()szfslhkjj
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Region A2, x > b/2, y > 0
Fom=F% 4 [ F* +F1]
= { (1-0)Spy = (1=0) Sy + 1+ Sy + (146 Sy, § Cos Ry
H U =)W= (1 =00W, = (14 Wyy = (1K W, } s ky
+ L[ G=0OWy = (1= )Wy + (1+ 60 Wy + (1 + X)Wy, } cosky

t{ ~h=( =) Sy + (1) Sy + (/+o().5,2+(l+0()522} Sin kg]

Region C2, x > b/2, v < 0

(&%

Fap = ey wp +Be i/"igr(u;) + e"'kﬂ{l(u,)+ﬁeibidof(-uz)— P
=1 1+p -5y =8, +BCSa+ S0} cos/é;

T Wy, Wy t B (Wya— Wyy ) § sin /ej
.-f(:[{_Wn—Ml—l-/é(—T/\/}l-fml)} cos/ej

+ {148 +5, +S), + (=S + S} sin/eﬂ —————— (34.)
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(4) A single impermeable detached breakwater.

For a single detached breakwater or an insular breakwater that allows
waves to diffract around both ends as shown in Fig. 7, Morse and Rubenstein
(1938) and Goda, Yoshimura, Ito(l971) developed an exact theory. Numerical
calculations for the theory can be done in terms of Mathieu functions.
Detailed figures for this have been prepared by Goda et al.(1971). However,
if the length of the breakwater is relatively large compared with the wave
length, it could be considered that the each end of the breakwater is the
end of a semi~infinite breakwater.

The following are the final forms arrived at from this assumption.

Detailed diagrams are not given here because of limited space. However,
such diagrams may easily be reproduced from the equations.

Region Al, 0 < x < b/2, y >0
[
F: = (‘5}4 +SI,+Srl* SIZ)CO‘S/Qj‘lL (vl];,l 'f'ml —er_le) 5/’”&}
+L'[(Wr/ t Wy, t Wr)."'WtZ)COS/(’J‘*("S“"Sg/*Srz "sz) sm /eg]
e (39)

Region A2, x > b/2, vy > 0

A2 ,
F4 = (/*Sr[—Sg[+Srz TS};) COS/?J 'f‘(er/ 'M/ _MZ —sz ) Slﬂ/eg .
LWy ~Woy + Wya t W, ) cosk; + (=1~ SrtSytSp*Sh,) st'n/ej]
S R L))
Region Cl, 0 < x < b/2, y < 0
F4q= (Z_Sm - 'S:U "Sr)_"S,ez)COSk;‘f' (—Wr/ _We/'fWrz'f'M;_) Sl'nkj
L[ W=~ Weo~Wpa) cosky + (Spy+ S~ Spy =Sy ) sim ky]
Region C2, x > b/2, vy < 0

Ff: (1-Sp ‘&/'Srzfsn)coskg + (~Wp =Wy, +Wr2’“&z)sl'n/€j

+ 1 [ (W~ Wy =Wra# Wy ) cosky +(=1+548,,-5,, 1,3, s/n/eg]
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When the breakwater is permeable. We assume that the wave in re-
gions A and Bl(y > 0) are the superimposed waves arising from an imper-~
meable breakwater as discribed above, and the waves multiplied by & pass-
ing through a gap as described in (3) [Fig. 8].

In region y < 0, the idea is the same in the proceeding sections.

Fig. 7. Diffraction around detached
breakwater.

L
i

e ofr(-u) ~eilrgr(-ug)

e kv fi( ) e ()

ekvfe( i) telkvg, (-uz) ;e kv fr(-w) +ekvgr (-u2)
e yf (-un) +elrgi(-ur) | e-kvfi(-u) +elvgi(-u2)

d
"

oFs

/e"‘wfr(*m)+eikvgr(4uz)' e-ikyfr(-u1) -+ efkvg, (-uy)
e-kef (-u) +elvgi(-u) | e i u)+etgi-u)
oFf' =3

eirfe( ur) +pekrge( )} e u)+p etoge( u2)

eiof ( m)+pelrg( u) e fi( m)+ g elvgi(-ue)
— giky —@iky —eiky  —eiky

Fig. 8. Superposition of waves for permeable detached breakwater.
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We again review the coé?inate system.

In Eqgs. (36), (37), (38) and (33) )
Vix + b/2)°+ y

r, = Y(x - b/2)°+ y r, =
In Egs. (27), (28) and (29)
= /ix + o/ 5 F VT = Jix — /) % 2
T, (x + b/2)°+ y rr (x b/2)+ y

To use the same cod@inate system, we must exchange the suffixes r
and £ in Egs. (27), (28) and (29). Exchanging suffixes r and & in Egs.
(27) and (28) and adding Eq. (36) and Eq. (28) to Egq. (37).

We have finally:

= Fila BN
= cos/ej {of + (1=%) Sy + (1=K ) Sgy + (14A) Sy + (1+6) Sy, §
+sin /e(;{(/—oo Wiy + (1= ) Wy, = 1+ 8 ) Wiy = (1+6) W, ]
+ UL cosky {(1=4) Wy (1= 00Uy + (1490 Wiy # (1+8) Wy }

+Sinky{-ol~ (1-%).S,, —(/—o()S,, t(1#6) Spyt (1+4) Sy, 11

Fi= Fl e o Y
= cosk! {14 (=KD Sy = (1= ) Sgy + (14 6)Spy +(1424).5y, ]
tsinky {(1=0) Wy = (1=X) Wy, =( 1+ ) Wry — (1 +) Wy §
+ l[os/e;{(/_o()wr, (=) Wy, + (1) Wiy + (| +4) W, |
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. . _r . -0k .
R &M S qu)+peg (4 e ‘kff,z(u,)arpe’kiq,(u;) - pes

= (08 /@g {148k =Sp=p(Srat Sga)f + Sin /?y‘{ Wy~ Wey+p (Wyp+Wpo)f
+ l.[CDSkg{"T/V;, _W/ '/3(Wr1+W(z)} +Sin /eg[—/+5r, *5}/""/@(/ "S}Q"Sjg;_)}}

Preliminary experiments

Preliminary experiments were carried out in a small water basin
0.5 m deep, 1.0 m wide and 11 m long. Vertical homogeneous crib-
style walls of 8 cm thickness filled with glass ball in diameter
were used as the model breakwater.

Because of the limited basin width, standing waves appeared on the
shore side of the breakwater and the results were not considered adequate for
examining the theoretical development. The following are some general
experimental results. )

(1) Eq. (21) is acceptable for situations where the ratio between the
gap width and wave length is less than 0.2.

(2) After the distance of one wave length, calculated diffraction patterns
by Egs. (23) and (24) were similar to the experimental patterns.

(3) Wave heights at the gaps were not constant when the widths of gaps
were less than one wave length.

(4) Energy transmitted to the shore side region of the breakwater was
proportional to the ratio of the gap width, to the wave length, within
the range less than a ratio of 0.5.
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APPENDIX 1
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CHAPTER 40

A COMBINED FE-BIE METHOD FOR WATER WAVES
by
A. HAUGUEL

ABSTRACT

The finite element method and boundary integral equation
method are general approximation processes applicable to a
wide variety of engineering problems. After a brief des-
cription of the combined method, several examples are given
for water waves problems : tides, harbour oscillations and
waves diffraction and refraction.

INTRODUCTION

Most of the studies in coastal engineering are in relation
with water waves coming from deep sea (tides, long and short
waves). The difficulty is to take into account the influence
of deep sea (infinite or supposed to be so) as exciting and
receiving domain.

COMBINED FE-RIE METHOD

The assumption of simple harmonic linear waves yields
elliptic partial defferential equations. These eguations
may be solved by :

(i) the boundary integral equation method (BIE) based on
Green's identity which leads, under certain conditions, to
an integral equation relating the solution and its normal
derivative on the boundary.

(ii) the finite element method (FE) in which the region is
divided into a number of elements.

The first one is usefull for simple geometric domains be-
cause integral equations can be simplificated before inte-
gration. The second method is fitted for complex geometric
domains owing to elements.

Many anthors (Zienkiewicz, Berkhoff, C.C.Mei...) have
already described the combined method. So the purpose of
this paper will be to present new results showing its
advantages.

In few words, the infinite or semi-infinite domain is divi-
ded into two regions where each method is anplied.

In the extemal region, where the water depth is assumed to
be a constant, the solution will be a supermosition of the
incident wave and an outgoing wave which is due to the
presence of an harbour or any obstacle. This outgoing wave
will be represented by a superposition of waves coming from

# Division Hydraulique Maritime. Laboratoire National
d'Hydraulique. Electricité de France. Chatou. France.
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point sources at the boundary [ between the sea and the aera
of interest and must satisfy the conditions at the other
boundaries : full reflection on rigid walls and radiation
condition of Sommerfield at sea. So the solution in the
external region can be written in the general form

3G

a (£(R) - Y(B)) = n (P, M) (£(M) - P(M)) aM
r

—/G (P, M) %— (£(M) - Y(M)) aM
I., n

where

f is the total potential

Y is the incident potential

G is the Green function of the problem.

The expression is also correct on the boundary I'. (ME') by
taking the limit (only o changes).

The solution f must be continuous through the boundary with
respect to wave height and phase.

So equation (1) can be interpreted as a boundary condition
for the internal region.

In this one, the finite element procedure is possible by
direct coupling of the solution f and its normal derivative
on the common boundary I'.

The system is solved only in the internal region but the
influence of the external one is taken into account thanks
to the boundary integral condition.

APPLICATIONS

Some examples of results from the combined FE-BIE method
are briefly described here.

The tides in a semi-enclosed sea opened to a semi-infinite
ocean are simulated using a linearized, vertically integra-
ted, dissipative form of the Laplace Tidal Equation. A
linear bottom friction is used. The tide is modelled by
setting the tide-generating force terms to zero and speci-
fying the free surface elevation to infinity as a Kelvin
wave. So the equations can be written as follows

; 9_ 3 -
- iwn + e (hy) + 3y (hv) =0

—iwu+g%§-—§2v+pu=0
an -0

-iwv+ga—y-+§2u+pv

where n, U, Vv are the complex amplitude of surface elevation
and current components.
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is the mean water depth

is the gravity acceleration

is the Coriolis number

is the bottom friction coefficient

is the tide pulsation.

These three equations can be transformed in one

g0 Q>

et 5 (s agh-sgp]en-0 @

where A and B are complex functions of w, 2, g and p.

In the external region, the water depth is assumed to be

a constant, so equation (2) is simplified (the B factors

disappear) and it can be shown than the Green function of

the problem is an Hankel function.

In the internal region, the finite element procedure is

easily applied to equation (2).

The Mp constituent of the tide in the North sea has been

calculated by this way. The numerical results (fig. 1) are

in good qualitative agreement with the observations, parti-

cularly in the reproduction of the amphydromic points. An

important thing to point out,is that there is only two

parameters to calibrate to solve this problem :

- the wave direction in the ocean, but its influence is
very weak

- the bottom friction coefficient which fixes the position
of the amphidromic points.

The repartition of amplitude and phase on the common boun-

dary is obtained from the model.

The response of harbours to long waves of differents
frequencies coming from deep sea can be obtained by the
same way. The oscillations are simulated using the same
Laplace equation but Coriolis effects and bottom friction
can be neglected. In this case, the B factor disappears in
equation (2).

The method yiels eigen frequencies and correspondant ampli-
fication factors of the harbour opened to the sea (see fig.
2 in the case of Marseille Harbour). This is particularly
usefull to study seiches in harbours.

In ‘decreasing the wave length, the last example is the
computation of wave diffraction and refraction. In this
case the governing equation is

9 of 3 of 2
5 (n 5;0 + 5;—(n 5;0 + nkg £ =0 (3)

where k5 is the wave number
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n is the shoaling number

f is the potential.
Equation (3) is similar to equation (2). When the depth and
consequently the shoaling number are constant the Green
function is also an Hankel function. The same procedure can
be applied.
The main restriction of the model is the numerical requi-
rement of about five computing points over one wave length
to compute the surface elevation with a sufficient accuracy.
Figure 3 shows the solution of wave diffraction and refrac-
tion for the case of an island on a flat or parabolic shoal.
The numerical results are in good qualitative agreement with
the analytical solution. Amplitudes are generally underes-
timated mainly for short wave lengths (probably in relation
with the number of computing points).

CONCLUSIONS

The mathematical model for linear simple harmonic waves
described in this paper can be of great help to give some
quantitative or qualitative information about waves
coming from deep sea (tides and waves). The main restriction
of the model is the numerical requirement with respect of
large area compared with the mean wave length (especially
for short waves) but the rapidity of the resolution, the
development of the finite element method and the reduced
number of parameters to calibrate the model (one or two
for tides) give gquite good informations very quickly.
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CHAPTER 41

WAVE REFRACTION ACROSS A SHEARING CURRENT

1

Ivar G. Jonsson and Ove Skovgaard2

ABSTRACT

Conservation of wave crests and wave action is introduced to yield the
new wave length L, and new wave height H, as a wave train of plane inci~
dence crosses a shearing current; refraction angle o, is determined by
Snell's law. Input parameters are water depth h (assumed constant), abso-
lute wave period T,, angle of incidence Gq, current velocities U, and U
(see Fig 1), and initial wave height H,. Solution domains are also given,
analytically and graphically. The numerical results for Lir Ly, ay, and
H, are presented non-dimensionally in a number of figures, with dimen-
sionless input parameters. As a direct illustration of the effect of the
shearing current, a seguence of graphs are presented, showing in dimen-
sional form the variation of Ly, ap, Hy, and steepness S, = H2/L2 with U,
for fixed values of h, a1, Uy, Tgo and Hy. Large positive and negative
currents can increase the steepness significantly. The variation of 52/51
with T, and h is finally depicted, demonstrating the "filtering" effect
of a shearing current on waves.

A numerical example shows how simple it is to calculate accurately
quantities L1, Ly, Qg and Hy.

1. INTRODUCTION

The purpose of this study is to examine the transformation of waves
advancing across a shear layer, from a region of current velocity Uy to
one of current velocity Uy, see Fig 1. Changes will occur in wave length
and height, and in direction and speed of propagation. The results are
presented in a number of graphs.

Studies of this kind were initiated by Longuet-Higgins and Stewart
(1961), who considered the special case of deep water waves progressing
from still water into a region with a steady, uniform current. Here we
shall consider the general case of waves on an arbitrary (constant)
depth, with arbitrary (steady and uniform) current velocities on both
sides of the shear layer. Large-scale currents are considered, i e the
current gradient is assumed small everywhere.

In region 1 we prescribe regular and plane incoming waves, and thus
also the transmitted waves in region 2 will be plane. The two regions of
flow are denoted by subscripts 1 and 2. In these regions current veloci-
ties are therefore specified as U; andU,. Assuming linear theory, solu-
tions are sought for wave lengths Ly and L,, refraction angle a, (see

! associate Professor, Institute of Hydrodynamics and Hydraulic Engineer-
ing (ISvA), Bldg. 115, Technical University of Denmark, DK-2800 Lyngby.

2 Associate Professor, Laboratory of Applied Mathematical Physics (LAMF),
Bldg. 303, same address.
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(2)

U;

Fig 1. Waves advancing across a shearing current, from region 1

to region 2. WF and WO mean wave front and wave orthogonal.
Horizontal sketch.

Fig 2. Wave ray WR and ray tube passing a shear layer, from re-
gion 1 to region 2. Horizontal sketch.

Fig 1), and wave height H,. Given values are water depth h, current velo-

cities Uy and Uy, absolute wave period T,, angle of incidence al(see Fig
1), and incoming wave height Hy.
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Velocities U are taken positive in the direction of wave travel. If we
then consider only positive a-values, a positive (i e following) current
is one running towards the right in Fig 1.

Since large-scale currents are assumed, reflection is excluded a priori,
and the waves are purely progressive in both regions. This means in prin-
ciple that the width of the shear layer must be several wave lengths. In
practice this needs not be so, however. This can be seen from Evans (1975),
who found transmission and reflection characteristics for a current dis-
continuity in deep water. He showed "that the amplitude of the transmit-
ted wave as a function of the angle of incidence and current strength is
very close to that obtained by Longuet-Higgins and Stewart [1961] on the
assumption of small smooth changes in current velocity". This is not im-
mediately expected, since in the former case the flow is not matched in
detail at the discontinuity. Only for larger angles of incidence wave
transmission was significantly affected by the no-reflection assumption.
Reference is made to Evans' Fig 1 and Peregrine's (1976) Fig 12. So al-
though the correct solution to the general problem has not been found yet
(Peregrine, 1976, p 73), there is hope that the wave heights presented
herein are good approximations also for narrow shear layers. (The only
thing for certain is that the height found for the transmitted wave is
too large).

We have also excluded the effect of turbulence generated by the shear
layer. Here Evans (1975) concluded on the basis of Savitsky's (1970) in-
vestigations that turbulence thus generated will have a smaller influence
than the mean velocity gradients in the flow. Another more important as-
pect (for narrow shear layers) is that they are unstable, so that steady
solutionsg here cannot be expected to give more than somewhat crude ap-
proximations (Peregrine, 1976, p 71).

The current is assumed constant over depth. The effect of a possible
vorticity was examined by Jonsson et al (1978). Dissipation is neglected,
but can be included as described in Chapter 3.

The general case of current depth refraction has been studied else-
where, see for instance Skovgaard and Jonsson (1977), Jonsson and Wang
(1978), and the two review articles by the senior author (Jonsson, 1977,
1978b) .

For completeness it is mentioned that fundamentally it is not a re-
quirement that regions exist in which U; and U, are constant; the results
obtained are in fact valid going from any point with current velocity Uy
to any other point with velocity U,, the flow being parallel over a hori-
zontal bed, and disregarding dissipation.

2. SOME BASIC CONCEPTS

Since wave motion in a moving medium is so different from that in
still water, it is worth while starting with the introduction of some
concepts, which are important for this type of flow.

In each region we have two frames of reference. One is a coordinate
system fixed on a plane earth, in which the wave period (Ta) is constant.
This is the common absolute frame of reference, in which we use sub-
scripts 'a'., The other is a Galilean transformation of the first where




REFRACTION ACROSS CURRENT 725

the transformation velocity is the current velocity. Observations in the
moving system(s) are referred to as relative, and subscripts 'r' are used
here.

It 1s obvious that an important quantity as for instance the relative
wave period is not the same in the two systems. The relation is found in
the following way. Looking at Fig 1, it is seen that in the absolute
frame, the wave front during time Ta has travelled distance

L=c¢c T ) (2.1)

where L is the wave length, and ¢ is the phase speed (here absolute) of
the wave. Seen from the moving observer the front has travelled distance
cyp Ty during the same time interval. At the same time, the observer him/
herself has travelled distance UT, in the current direction. By project-
ing this on the wave orthogonal, we hereafter find for the absolute phase
speed, after having divided by Ty
¢ = c_+ Usina (2.2)
a r
where o is the angle between the normal N to the streamlines and the wave
orthogonal. Since we also by definition have

L=c¢c T (2.3)
r

we get from (2.1) and (2.2) for the relative period Tr

U sin o
L

1 1

T T (2.4)
r a

It appears that for a following current (U sin o > Q) we have T, 3 T,, as

expected. In the literature (2.4) is often written w, = wy; - k « U ('con-

servation of wave crests'), where w = 2¢/T, the angular frequency, and

K is the wave number vector, which is a vector of magnitude 27/L going

in the wave orthogonal direction.
In Fig 1 ®q is the angle of incidence and o, the refraction angle.

In current wave systems it is important to distinguish between three
sets of curves: Streamlines, wave orthogonals, and wave rays. A streamline
gives the (local) mean flow direction. A wave orthogonal 1s normal to the
wave front, and gives the direction of wave travel. Finally a wave ray
gives the direction of the absolute group velocity, 1 e of

T =¢ _+7U (2.5)
ga gr

>
where the relative group velocity Cgr goes in the orthogonal direction,
see Fig 1. Wave rays determine wave heights since the so-called wave ac-
tion, defined as

. _ E
Wave action = 5_ (2.6)
r
is conserved along wave rays, see Chapter 3.

In (2.6) E is the specific wave energy
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1
E = = pg H? 2.7

©

and w, is the relative angular frequency. In (2.7) p is density, g gravi-
ty acceleration, and H is the wave height.

The component of (2.5) in the direction of the orthogonal is also an
important quantity. It is given by
c =c + U sin a (2.8)
gao gr )
The complete differential equations for wave orthogonals and wave rays
for a general system are presented in the Appendix.

3. THE GOVERNING EQUATIONS

Since linear theory is assumed, the relative phase speed is given by

= /9
c, X tanh kh (3.1)
where k = 2n/L, the wave number, and h is the water depth. Similarly we
have for the relative group speed

2kh

sinh 2kh (3.3)

fol =
aqr

o

cr(l-fG) (3.2) with G =

REGION 1 -~ Wave length I can be found by eliminating c,; and ¢,q from
(2.1), (2.2), and (3.1). The (implicit) result is

U, sin a, T
h _ h 1 1 "a
/T tanh klh = /L [1 I ] (3.4)
1 [¢] 1
in which kg = 2ﬂ/L1, and Lo -is the deep water wave length in the absence
of currents, 1 e
, =3 g2 (3.5)
[} 2t "a
Equation (3.4) is identical with (3.5) in Jonsson et al (1971). In a di-
mensionless representation it gives Ll/Lo as a function of h/LO and
U; sin al/co, where c_ is the deep water phase speed in the absence of
currents, i e

[e]

c =3I (3.6)
o 2m "a
Solutions to (3.4) are depicted in Fig 6. Values of Ll/Lo can also be
read in Tables 6-a and 6-b in Jonsson et al (1971), remembering that en-
try parameter g* there equals (h/Lo)(Ul sinal/co). Also Tables 3.2-I and
3.2-II in Jonsson {(1978b) can be used.

REGION 2 - Equation (3.4) is valid for this region also, if subscript 1
is replaced by subscript 2. Inserting Snell's law
L L

B T (3.7)
SanCI S:LI10L2
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into the "new" (3.4) then yields for the determination of Ly

U, sina, T
/h _/h 2 1 "a
L2 tanh k2h = LO [1 —————ET—————} (3.8)

1

in which ko = 2ﬂ/L2, the wave number in region 2., This determines L2/Lo
as a function of h/LO, [s2] sinul/co, and Uy sinaq/c,. Solutions to (3.8)
are depicted in Figs 7 -10.

Note that (3.8) can be solved in quite another way than (3.4). Since we
assume that L; has now been calculated, the right-hand side of (3.8) is
known. Ratio h/L2 can therefore be found from a conventional table for
surface gravity waves (e g Wiegel, 1964, Appendix 1} using the square of
the right-hand side of (3.8) as entry in the column "h/LO“. Ly is here-
after found as h/(h/L); it cannot be found from L = L, tanh kh!

Refraction angle o, is determined from Snell's law as

L sinot1
a, = Arcsin ————— o (3.9)
1
This equation gives oy as a function of h/Ly, ay, Uj/cy, and Up/cy, as

shown in Figs 11 -26.

Wave height Hy is found from wave action conservation. In the general
case this principle reads, see Christoffersen and Jonsson (1979) and
Jonsson (1978b) '

E. -7, 0
-7 .
>
V-(E—c >+__d.._b___=o (3.10)
W ga w
r r

where V is the horizontal gradient operator (3/%x, 3/3y), E, and Ega are
given by (2.7) and (2.5), w, i1s the relative angular frequency, Eg is the
dissipation per unit horizontal area, and ?b the (mean) bed shear stress
(wind shear is neglected). It is repeated that E/mr is wave action. The
wave action flux is often termed ﬁ, ie

3:=E73 (2.11)
w,  ga

A simple proof of the wave action conservation principle for irrota-
tional flow has been given by the senior author, Jonsson (1978a). In
Christoffersen and Jonsson (1979) the general expression (3.10) was de-
duced.

In this study dissipation is neglected, and (3.10) reduces to V .B = 0.
Looking at the ray tube in Fig 2 we then find using Gauss' theorem

Ble1 = B2e2 (3.12)
>
where B = |B| and e is the tube width. Thus we find for H2, using (3.11)
and (3.12)
H [ [+

(3.13)
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where B, is the ray separation factor.ez/el = cosuz/cosul; 1 is the angle
between the ray and the normal N in Fig 2. From this figure we also have
Cqgq COSM = cyy coso. Introducing cg, through (3.2) and further using that
cr/wr = 1/k and that k2/k1 = sinoq/sinoy (Snell), we find from (3.13)

H, /1+G /1n 20c
E; = 14—G sin 2a (3.14)

Equation (3.14) gives Hy/H{ as a function of h/Lg, o1 Ug/cyr and Up/cq.
It shows that in this approach Hy is a linear function of Hq. The varia-
tion of H2/H1 is depicted in Figs 11 ~26. In deep water (G = 0) (3.14)
reduces to Longuet-Higgins and Stewart's (1961) expression H2/H1 =

(sin 204/sin 209) ’

In the special case considered here, the wave height can also be found
by a simple momentum consideration. The "shear stress" in a section par-
allel with the streamlines is according to Jonsson (1978a) or (1978b,
Section 3.2.3.2) F, sino coso, where F = 1/16 ng2(1-+G), the momentum
part of the radiation stress. Since this "shear stress" must be the same
on the two sides of the shear layer, (3.14) follows directly.

As 0o approaches 900, H, goes towards infinity according to (3.14),
and the theory breaks down. The physical situation is U, being so much
larger than Uq that the waves are "swept" along the "first" Up stream-
line, and wave orthogonals and rays run parallel with it. The ray sepa-
ration factor then goes towards zero. In practice this will give a strong
reflection, which is disregarded in the theory.

The wave steepness S; (% Hy/Lp) is given both directly (Fig 30) and
relative to Sq (Fig 31), for one set of parameters.

MEAN WATER LEVELS - There will be a slight difference in mean water level
between regions 1 and 2. Using the formulae in Jonsson (1978a) or (1978b,
Section 3.2.3.2), equilibrium at right angles to the streamlines gives

1 2 ' 2 1 2 2

= = = + + .15

> pgh1-+FP1-+Fm1 cos al 5 pgh2 sz Fm2 cos az (3.15)
in which F, = 1/16 ngzG, the pressure part of the radiation stress, and
F, is the previously given momentum part. After some manipulations, here-
under using (3.14), we find for the difference in mean water level, de-

fined as b = h2--h1

2 3 i -
. H1 5 { ._G2(1-+G1) sin 2a1 . 1+G1 cosoy 51n(a2 al)] . 16)
16h G1(1-+G2) sin 2a2 G1 s1nq2

correct to second order. Since the factor to the square bracket is rec-
ognized as the conventional wave set-down (over a varying bottom) it ap-
pears that b is indeed ag small quantity, by order of magnitude 1 cm. For
normal incidence (aq = o° ), and in deep water, b vanishes.

4. SOLUTION DOMAINS

REGION 1 - As shown by Jonsson et al (1971, p 493), there are no solutions

to the wave length expression (3.4), if the wave orthogonal component cgaa
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3 SOLUTION DOMAIN S soLuTIon DoMAN
o . ¢ LUTI

Z -os5f U,suna|/Vgh vs h/L0 \o\A

g

w

3

U|sinr:.|/cD vs h/Lo 1-0.2

Fig 3. Solution domains for region 1, corresponding to the com-
ponent ¢ a1 in the orthogonal direction of the absolute
group ve%ocity being positive (below full curves), or the
Froude number ¥y being smaller than one (below dotted
curves) .

(2.8) of the absolute group velocity Cga is negative. So in the limit
Cgan = 0 the ray goes in the wave front direction, and we have from (2.8)

Cgaal = cgr1 + U, sin a = 0 (4.1)
We further have from (3.10) in the above reference

<h _a ~6)?

q)lim = - v— klh tanh klh (4.2)

Combining this with (4.1) gives

U1 sinot1 1-—G?
— = - tanh k_h (4.3)
c , 4 1
o lim
(Equation (4.1) is in fact a consequence of (4.2) and (3.4).) Equations

(4.2) and (4.3) are the bases of the limiting curves in Fig 3. In the

limit we attain minimum values of L, see Jonsson et al (1971). (Note: In

that reference Cgaq Was for brevity denoted c,,. This is unfortunate,

since Cga should " be reserved for the magnitude |3 aI of the absolute

group velocity. So in this study we have from Fig' 1 Cgaa = 09a cos(p ~a).)
174.

In deep water we find the well-known limit U1 sinal/co = -

In Fig 3 we have also shown (U; sinay/Vgh)yi, versus h/L,. For the
latter going towards zero, the former goes towards - 1+. It is seen, ge-
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nerally, that if we restrict ourselves to consider Froude numbers Fq (de-
fined as {Ul f/v/g—h) smaller than one, then this requirement can be 'stric-
ter' than the limiting curve in Fig 3, especially so for the smaller -
values. Also for the Uy sin 0L1/cO solution domain, some Fqy = 1 limits are
sketched.

To sum up, the full curves in Fig 3 both correspond to (a) wave rays
being orthogonal to wave orthogonals and (b) wave lengths attaining their

minimum value. The dotted curves correspond to Fq = |U1 I/Vgh =1, for
different angles of incidence.

The position of the limit c,,,9 = O is sketched in Fig 4 (Ly/L, solu-
tions) and Fig 5 (H,/H; and o, solutions). It naturally corresponds to
negative Ui-values. In these figures also the Fy = 1 (andFy = 1) limits
are shown. In Fig 4 the position of the (chosen) F = | limits depend on
041. Note also in this figure that with the requirement F < 1, there are
never solutions outside the "F = {; aq = 90° frame". The limits can be
recognized in the figures in Chapter 5. It appears from these that the
mutual positions of the limiting curves in Figs 4 and 5 are not absolute.
Thus the F = | curves in Fig 5 can lie outside the chosen Ul/cO -U2/cO

frame. And the cgaocl = 0 limit can lie to the left of theF = { limit.

REGION 2 - In this region there is one further restriction on the input
parameters: The wave height Hy must remain finite, corxresponding to ay <
90°. Thus there are restrictions on the current strength, whether nega-
tive or positive. In the former case, one obvious condition is the same
as that in region 1, that Cgaa be positive. In this limit we thus have
from (2.8)
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Cgaa2 = Cgrz + U, sinoc2 =0 (4.4)
stating that the ray goes in the direction of the wave front. So (4.2)
and (4.3), and Fig 3, are also valid with subscripts 2. Fig 3 1s not di-
rectly applicable, however, since o) is not known beforehand. The posi-
tion of the limit cg,,7 = O is sketched in Figs 4 and 5, and can be found
again in the figures in Chapter 5.

It should be observed that - in contrast to plane shoaling, see Jonsson
et al (1971) - minimum wave length here does not correspond to infinite
wave height. This is because in out case cgqp2 = 0 (= Ly, pin) does not
yield Cga2 = 0. (Moreover, ¢ a2 can never vanish here.) If, however, Up
is much larger than Uy, the waves cannot "penetrate" through the shear
layer, and Hp/H; tends to infinity. This case was already discussed in
Chapter 3, and it corresponds to up =909, giving ray separation factor
By = 0. Fig 2 shows that here we must also have ap = 90°, which is in ac-
cordance with (3.14).

The corresponding limiting curves are depicted in Figs 4 and 5, and
can be found again in the figures in Chapter 5. Note that in Fig 4 the
position is a function of aq. The aq = 0C limit is peculiar, since it al-
so corresponds to Lg/Lg + «.

In shallow water the ajp = 90° limit corresponds to

U2—U1 1—s1r10c1 Gy U2—U1 1—s1n0c1
= - or = (4.5)

CO S:LI'IOL1 LO /g}; SLLnOL1
So here, where there is no dispersion, the critical condition - for a
fixed value of oy - only depends on the current velocity difference.

In the figures, also the limits corresponding to ¥y = |U2|/Vgh =1 are
shown.

5. NUMERICAL RESULTS

WAVE LENGTHS Ll/Lo - Solutions to (3.4) are presented in Fig 6, which
clearly demonstrates the "stretching" effect of a positive current, and
the "compressive" effect of a negative ditto. Other things being equal,
wave length increases with increasing current velocity and depth. The

deep water limit (Uj sindy/cq , L1/Lg) = (-1/4 , 1/4) is clearly seen.

The thin full curve connecting this point with origo corresponds to -~

for every fixed value of h/L_ - the minimum value of Ll/Lo (i ec a0l & 0).
To every angle of incidence theF = 1 limit yields two curves - the solu-
tion domain lies between these. The solution domains were also illustra-
ted in Fig 3.

WAVE LENGTHS L)/L, - Solutions to (3.8) are presented in Figs 7 - 10, cor-
responding to four dimensionless water depths h/LO. Note that sin ap -

not sinoy - appears together with U; on the ordinate axis. It is seen
that other things being equal, wave length in region 2 increases with in-
creasing current velocity, as expected. The variation of L, with Uj gets
slower as Uy grows. As to the solution limit, we can inspect Fig 7; start-
ing at the bottom and going anti-clockwise the limits correspond to:



732

COASTAL ENGINEERING—1978

Fig 6

N

Lillg

—

U == =——-

Figs

Uzsinay/cy
o

-0.5

0.5

Uzsinay/cg
o

Uysinay/cy

9-10

Dimensionless wave length L1/LO
in region 1 vs Uysinay/c, for
h/L,=0.015, 0.05, 0.15, and 0.5.
For Uqsinaq <0 the two dot-and-
dash lines correspond to Fq =1
for aq =15° and 30°. For Ujsinog
> 0 the five dot-and-dash lines
correspond to Fy =1 for aj =15°,
309, 45°, 60°, and 90°.

Contours for dimensionless wave
length Lp/Lg in region 2 vs
Uysinag/c, and Upsinay/cy. For
Ly/Ly £ 1 the contours are plot-
ted with intervals of 0.1. For
1£Ly/Ly S 3 the contours are
plotted with intervals of 0.5.
Dot-and-dash lines correspond
to F =1, Dotted curves corre-
spond to Hy/Hy = .

h/Lg=005
T T
7

05 T T T
e
@y=15° e 7
L 1 300 9) /
452

Upsinay /ey
=

08

U, sindy/cq
(=]

0505

0
Uysinay/cq



REFRACTION ACROSS CURRENT 733

hiLg=0.015; a3=15° hilLg=0.015; ay=30°

05 T T T T T T T T 05 T T T T T T T T
gt 1 el O o
L ) =L | 90 i
500 13 )
B _ i ‘ - | ]
2=30° ]
0 0 2=
= 4 - 0° i
21 !
L 4 L 12 l ‘
3 !

-05 | 1 ! L L 1 { 1 -05 1 1 1 1 1 ! 1 ! 55
-0.5 Q for  a +05 -05 0 for ap +0!
+05 0U1'°ogfor HaHy, -03 +05 0 U1/°o§for Hy/Hy -05

hiLg=0.015; oy=45° h/Lg=0.015; &y=60°

0.5 T T T (N B 05 T T T T

1.2

ST ! 131 oo ] &r y
= wl| 9 E

=T ‘ N o 7 2o )

l _ -
B ) 274 1 8
0°
0 ’ 0
L | i L N
i 20° ] i 1
= - ! _ - |

- 5 1 ! 1 L 1 | 1 1 _05 i L | L i 1] i Il
-05 9 e dfor +05 -05 0 for o +05
+05 0 Uoltor HyH, -05 +05 Q UCjtor HyH, -05

. 11-12 ) ..
Figs 13-14 Contours for refraction angle ) and relative wave

height H,/H; in region 2 vs Uy/c, and Uy/c,. For oy
the contours are plotted with intervals of 10°. For
Hy/Hy £ 1.3 the contours are plotted with intervals
of 0.1. Dot-and-dash lines correspond to F =1. Note
that the abscissa axis i1s reversed for H2/H1.

Fp=1,F1 =1, Fy=1, Hp/Hq =, Cgaonl =0, and cygq2 =0. For details see

Chapter 4 and Fig 4. In Figs 8- 10 the F=1 limits lie outside the chosen
frame. Some of the limiting curves appear jagged because of the discreti-
zation used in the computer software, which was used to plot these curves.

REFRACTION ANGLES oy - Solutions to (3.9) are presented in Figs 11 - 26,
corresponding to four water depths (same as for Ly/L,), and four angles
of incidence. (Hy/Hy is shown laterally reversed in the same figures). It
appears that the variation of o, is slowest for the smallest angle of in-
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Figs 17-18 Contours for refraction angle ay and relative wave

height Hy/H, in region 2 vs Uy/c, and Up/c,. For ap
the contours are plotted with intervals of 10° For
H2/H1 the contours are plotted with intervals of 0.1
up to 1.3 above the diagonal, and 1.4 below it.

cidence o4 chosen. Everywhere o, increases with increasing U;. It can al-
so be seen that (naturally) for Uy = Uy we have apy = aq. Only for the
smallest water depth, theF = 1 limits lie within the chosen frame. The
other limits are discussed in Chapter 4 and illustrated in Fig 5.

WAVE HEIGHTS Ho/Hy - Solutions to (3.14) are presented (laterally rever-
sed) in Figs 11 - 26, for four water depths and four angles of incidence.
It appears that the variation of H2/H1 is slowest for the smallest angle
of incidence a; chosen. It is also seen that - except for this value of
a1 - the variation with Up exhibits a minimum for Hy/H; within the chosen
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Pigs 21-29 Contours for refraction angle o, and relative wave

height H2/H1 in region 2 vs Uy/c, and U2/co. For ap
the contours are plotted with intervals of 10°. For
Hy/Hy the contours are plotted with intervals of 0.1
up to 1.3 above the diagonal, and 1.4 below it.

frame. This will be discussed later. For Up = U; we have Hy = Hy. The
limits are discussed in Chapter 4 and illustrated in Fig 5.

VARIATIONS OF L,, ap, Hy, S, and S5/S; - A physical discussion of the

transforming effect of the shear layer is facilitated by looking at a few
concrete examples. Consider first the sequence in Figs 27 - 30, giving the
variation of region 2 quantities with U,. Fig 27 shows how L, increases

monotonously with increasing U,; the maximum value is attained for ap =
90°. Also oy (Fig 28) varies in this way; for U, > 4.3 m/s (approx)
90°, and waves cannot penetrate into region 2. In the limit H, theoreti-

OL2=



736 COASTAL ENGINEERING—1978

hiLg=0500; %=15" hiLg=0500; 0 =30°

0.5 " T T T 05 T T T
N | o ]
[ 2 WY o -
5‘.1. g ° /58 13
L END . 4
02=20° 4 s o
2 62=30°
0 0
4 Ha/Hy=1 ] | HalHy=1
L 11 ; 20°
Al
i A 12 ]
- N2 \ N - 13 1
-05 L 1 L 1 i A -05 1 1 1 1 i L
-05 0 for ap +05 -05 0 or &y  +05
+05 oui’coifor HyHy -05 +05 Ullcojfor Fom, 03
h/Ly=0.500; Gy =45° h/Lg=0500; 04=60°
0.5 T T T T y 05 T | T T T 7
13
909 13
Sr 0° l st 80Y e
& 1 ~ 1 ©
> Gp=40° ] 2N o )
H,fHy =11 2 y | 50 |
0 Ha/Hy=1 2=40°
30°
] I\ 0° |
12
0° 1 I~ |
. I ) .05 il h 1 1
-05 0 for oy *05 -05 0 a +05
+05 0 U1’°0 for Hafty 05 +05 0 U"cogfor HylHy -05
. 23-24 . .
Figs 25-96 Contours for refraction angle a, and relative wave
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up to 1.3 above the diagonal, and 1.4 below it.

cally tends to infinity (Fig 29). It is also seen from this figure that
Hy has a minimum. This can be anticipated by looking at (3.12); Hp can
become large, i1f c,, becomes small (Fig 29, left), or if ray width e (see
Fig 2) becomes sma?l (Fig 29, right), so a minimum in between is expected.
Fig 30 shows that the wave steepness Sj; has a sharper minimum. This is
because L, is decreasing as Uj decreases. The figure shows that both a
large negative and a large positive current can have a strong steepening
effect on the wave; eventually it may break.

The influence of the (absolute) period is illustrated in Fig 31, which
gives the ratio between steepnesses in regions 2 and 1. It appears that
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Figs 31-32 Relative wave steepness S2/Sl = (H2/L2)/(H1/L1)
(Fig 31) and refraction angle a, (Fig 32) vs ab-
solute wave period T, for fixed values of water
depth h, angle of incidence a;, and current velo-
city Uj.

both a large negative and a large positive current have a dramatic steep-
ening effect on waves of smaller period, either because the group speed
and wave length become small (opposing current), or because the ray sepa-
ration factor becomes small (following current), opposing current here
meaning Up - Uy <0. In both cases the effect is due to the fact that
"short waves are slow waves". This steepening and thus filtering effect
was illustrated by Isaacs (1948); in the photo in his Fig 1 the current
discontinuity shows up as a foam line because of short wave breaking.

Fig 31 also shows that the steepness ratio is remarkably constant for the
higher periods.

The period influence on the refraction angle is shown in Fig 32. For
Uy = +4 m/s the variation towards ay = 90° as T, tends to 6.6 s (approx),
reflects that here the ray separation factor goes towards zero.

Finally the influence of the (constant) water depth on 32/31 is shown
in Fig 33. It appears that (naturally) the effect is largest on smaller
depths, because other things being equal here the phase speed is smallest.
For h> 10 m the variation is quite small in the case considered.
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Fig 33 Relative wave steepness S,/Sy = (Hy/Ljy)/(H /L) vs water
depth h for fixed values of absolute wave period Ta
angle of incidence o, and current velocity Uj.

EXAMPLE - It can be difficult to read the quantities in the dimensionless
delineations in Figs 6 - 26 with any great accuracy (also a number of in-
terpolations are necessary). These figures illustrate the trends, but can
give only approximate values. It is not altogether difficult, however, to
find the exact figures by calculation. This will be demonstrated in the
following. Consider the case with h=10 m, T4=8 s, al =459, U;=1mn/s,
Up=-2m/s, and Hy =1 m (Figs 27 - 30). (g=9.80665 m/s? =qg/2m & 1.561 m/s?)
Calculation of Ly - ¢o=1.561-8=12.49 m/s, L, =1.561+ +82 299,90 m=h/L, =
0.1001; g¥=10+1+sin 459/(12.49.99.90) = 0.00567. Table 6-a in Jonsson et
al (1971) (or Table 3.2-I in Jonsson, 1978b) then gives L/L,=0.778=1L =
0.778+99.90=77.7 m. (Without a current we find L=70.9 m ~ the wave is
"stretched" by the positive current.)

Calculation of L, - The right hand side of (3.8) squared is 0.1001(1~(-2).
sin 459+8/77.7)2=0.1314. Using this as entry in the column "h/L," in a
conventional wave table, we find h/L 0. 1677=>L2-—1O/O 1677 =59. 6 m, which
agrees with Fig 27. (The wave is “compressed" in region 2 by the opposing
current) .

Calculation of oy - From (3.9) we find ap =Arcsin(59.6 sin 45°9/77.7) =
32.98, which agrees with Fig 28.

Calculation of H, - h/Ly =10/77.7=0.1287; h/L,=0.1677. From a conven-
tional wave table we then find Gy =0.6682 and Gy =0.5200. Then from (3.14)
Hy = 1+¥1.6682/1.5200+Vsin 90°/5in 65.06 = 1,098 m, which agrees with Flg 29,
(Sp= Hy/Ly =1.098/59.6 =0.0184, which agrees with Fig 30).

6. CONCLUSIONS

Analytical expressions are presented for the determination of wave
length Lp (3.8), refraction angle a, (3.9), and wave height Hy (3.14), as
a wave passes a large-scale shearing current over a horizontal bed. The
current velocity is assumed constant in time and over depth. Dimensionless
results are presented in Figs 7 - 10 (Ljp) and 11 -26 (ap and Hp). The di-
rect effect of the current velocity Uy in region 2 (see Fig 1) is illustra-
ted in a concrete example in Figs 27 - 30. The most interesting feature
here is the display of a wave height (and steepness) minimum. The "filter-
ing" effect of a shear layer on a wave motion is illustrated in Figs 31
and 32, and the influence of the water depth on wave steepness change ap—-
pears from Fig 33.
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The wave length I, at the initial state (region 1, see Fig 1) is deter-
mined by (3.4); solutions in dimensionless form are illustrated in Fig 6.
Solution domains for region 1 appear from Fig 3. Solution domains for re-
gilon 2 are sketched in Figs 4 (applicable to Lo-figures) and 5 (applicable
to ap- and Hp-figures).

A detailed example of how to obtain numerical results using tables and
handcalculations, is given in Chapter 5.

APPENDIX: ORTHOGONALS AND RAYS
In the general case the wave orthogonals are determined by
Dx/Ds = cos A (A.1) Dy/Ds = sin A (A.2)
DA/Ds = (sinI&Bca/Bx - cosI&Bca/By)/ca (A.3)

in which x and y are horizontal Cartesian coordinates, s is distance along
the orthogonal, A is the angle from the x-axis to the positive direction
of the orthogonal (DA/Ds is the orthogonal curvature), and c is the abso-
lute phase speed

cy = ¢, tucos A+ vsinA (a.4)

In (A.4) ¢, is the relative phase speed (3.1) and a==(u,v) is the current
vector. In (A.l) to (A.3) time t can be introduced through Ds =c dt. Thus
formally the wave orthogonal equations are the same as for pure depth re-
fraction, see Skovgaard et al (1975).

r

In the general case the wave rays are determined by
Dx/Dr = cos U (A.5) Dy/Dr = sin u (A.6)
Du/Dr = cos?p Dftan u)/Dr (A.7)

in which r is distance along the ray and u is the angle from the x-axis
to the positive direction of the ray determined by

tan u = (cgr sin A—l—v)/(cgr cos A +u) (A.8)
In (A.8) ¢y, is the relative group speed (3.2). Note that according to
(A.8) u=A"for (u,v) = (0,0); however, (A.7) does not transform to (A.3) in
this limit. This is because (A.7) presupposes (A.3) to be known and solved,
giving angle A. (The ray separation factor is determined by (31) in
Skovgaard and Jonsson, 1977).
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CHAPTER 42

EXPERIMENTAL STUDY OF WIND WAVES GENERATED ON CURRENTS

by
Hajime Kato and Hiroichi Tsuruya®

Port and Harbour Research Institute
Ministry of Transport
Yokosuka, Japan

ABSTRACT

This paper presents some experimental results of wind waves
generated on currents in a wind-wave channel with a water circu-
lation pump system. The waves were measured at fetches less than
27.8 m by using resistance-type wave gauges. Surface velocities
as well as velocity profiles in water were also measured elabo-
rately and true frequency wave spectra were obtained from observed
apparent spectra which were modified by the doppler effect of
current. .

Significant wave heights H; /3 computed from n2 and peak
frequencies of true specyra fgm were examined with emphasis.

It was inferred from the variation of true spectra that the most
prominent effect of water current is to change the effective
fetch length, Then an idea of equivalent fetch length was pro-
posed to express the current effect on the development of total
wave energy.

By using the equivalent fetch F' in place of the natural
fetch it is shown that H;/3 and fgop measured under various cur-
rent conditions can be represented by the non-dimensional fetch
relations, respectively, which were originally obtained in the
case of no current.

% Present address: Shimonoseki Investigation and Design Office,
Fourth District Bureau for Port Construction,
Higashiyamato-Cho, Shimonoseki, Japan.
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1. Introduction

It seems to have been known since old times that in the sea
where a tidal current exists the wind-generated waves are greatly
changed with the direction of current. There was a remark by Lord
Rayleigh (1911) in this connection. Francis and Dudgeon (1967) con-
ducted experiments of pilot nature and demonstrated that the water
currents actually have an intense effect on the generation of wind
waves. Such an effect of current is considered not negligible in the
prediction of wind waves in the sea area where a tidal or ocean cur-
rent exists. However, the effect of current upon the development of
wind waves has not been made clear so much quantitatively, and to our
knowledge no method is known to evaluate the current effect in the
prediction of wind waves.

In order to shed some light on the effect of current and to find
some clues to the prediction of waves in the current field we have
investigated wind-generated waves on currents in a wind-wave channel
which is equipped with a water circulation pump system. A difficult
problem in this kind of experiment is the measurement of the waves.
In the experiments of Francis and Dudgeon (1967) the waves were meas-
ured photographically and crudely averaged. They state that a more
sophisticated method of determining the wave characteristics might
be justified in the further work.

In our experiments the waves were measured by means of wave
gauges. Therefore what are directly computed from the wave records
are the apparent spectra with respect to the apparent frequency
modified by the doppler effect of current. For exploring intrimsic
wave properties, especially the growth rates of component waves,
we calculate (as substitutes for the wavenumber spectra) the true
spectra defined with respect to the true frequency by making use of
the dispersion relation corresponding to the actual current condi-
tions.

In this paper we mainly discuss the non-dimensional representa-
tion of significant wave heights H)/3 computed from the total wave
powers and peak frequencies of true spectra fyy measured under
various current conditions. For this purpose we introduce an idea
of the equivalent fetch length and show that it is effective for ex-
pressing the current effect on the development of wind waves.

2. Experimental procedures

2.1 General description

Rough sketches of the wind-wave channel used for the experiments
are shown in Figs. 1 and 2. The uniform test section is 1.5 m wide,
1.3 m high and 28.5 m long. The side walls and most of the ceiling
consist of glass plates. On the windward (right hand) side of the
test section over the waterway is a wind blower, where wind is gener-
ated by an axial fan driven by 50 KW variable-speed motor. Passing
through guide vanes, a fine mesh screen and honeycombs the wind is
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Fig. 1. A plan of the wind-wave channel
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Fig. 2. A side view of the test section

Table 1. Current conditions in the experiments

Ah Q U
(cm) (1/sec) (cm/sec)
130 224 +29.9
Favorable 60.0 152 +20.3
current
15.0 76 +10.1
No current 0 0 0
15.0 76 -10.1
Adverse 30.0 | 108 -14.4
current '
60.0 152 -20.3
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allowed to flow onto water of 50 cm depth by means of an adjustable-
height guide plate at the inlet section (see Fig. 2), where the wind
velocity profile is quite uniform. The wind speed was set up by
regulating the speed of fan (rpm). In the experiments the winds at
rpm 200, 300 and 400 were used, and the corresponding cross-sectional
average wind speeds ﬁé at the inlet section were nearly 5.6, 8.2 and
11.0 m/sec, respectively.

The water currents were generated by a pump between (:) and (:)
shown in Figs. 1l and 2. The current condition in each run was con-
trolled by adjusting the flow rate Q accurately by means of a venturi-
meter. The experimental current conditions are listed in Table 1,
where Ah is the differential pressure head of venturi and U is the
average cross—sectional velocity. The measurements of waves and
currents were made at six stations A-2, A-3, B, B-2, C and D shown in
Figs. 1 and 2, and the fetches were 2.25 to 27.75 m. Wind velocities
were measured at A-2, B, C and D stations.

2.2 Methods of measurement

The waves were measured by means of resistance-type wave gauges.
The sensors were made of two parallel platinum wires 0.1 mm in di-
ameter with 2 mm spacing. Wind velocity profiles over the water sur-
face were measured by using a pitot static tube and a differential
pressure transducer, A digital data recorder (DATAC-2000B) was used
for recording the output voltages of wind and waves on line, and the
later data processing was performed by using a computer. A sampling
interval for the wave data was taken as At =1/51.2 second considering
the convenience in the computations of wave spectra by FFT.

Current velocities were measured by means of a small propeller-
type current meter both with and without wind. The surface current
velocities uy were measured by using paraffin flakes in the shape of
disk about 6 mm in diameter. In order to check the drift current
profile near the water surface a hot-film anemometer was also used
in several cases with small amounts of detergent mixed in water to
suppress wind waves, for otherwise the hot-film could not detect the
horizontal velocity component correctly.

2.3 Method of analysis

As mentioned earlier, what are directly obtained from the wave
data are the apparent spectra with respect to the apparent frequency
fa which is expressed as

£, =c/L ' ¢5)

where ¢ is the wave speed for the wavelength L in the actual current
field. From the apparent spectra we calculate the true spectra with
respect to the true frequency f; given by

1/2

cg k g T1k
£, = - =5 (—E—-+ ) tanh kd (2)

2m
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where ¢ is the wave speed under no current for wavelength L, k the
wavenumber (=2n/L), T, the surface tension, p the density of water,

g the acceleration due to gravity, and d the depth of water. If the
wave speed c is expressed as a function of wavelength L for a particu-
lar current condition, then f, and f; are related by (1) and (2).

In the calculation of c the effect of drift current must be
taken into account in addition to various general currents. For this
purpose we used the wave speed solution for a logarithmic drift cur-
rent obtained by Kato (1974). That is, the drift current profile was
assumed to be represented by the logarithmic distribution

U(y) = ug - Urln [(zgyuy=-y)/2gy ] ~ by (3)

where y is the vertical position measured upward from the water sur-
face, ug is the surface drift current, and Uy, zgy and b are arbi-
trary constants which are to be determined corresponding to the
actual drift current profile. In practice zp, was taken to be 0.01
cm for all cases (cf. Kato (1974) and Duncan et al (1974) for the
measured values in the wind-wave channel), and Uy, and b were deter-
mined by using the observed current velocity profiles.

Since the wind waves have the angular spreading the actual rela-
tion between fp and f; is considerably complicated as discussed by
Cartwright (1963) and Barnett and Wilkerson (1967) for somewhat
different cases where the wave sensor was transferred with a uniform
speed. However, the angular spreading is relatively small for the
waves in the wind-wave channel, especially for the dominant wave
components which are mainly concerned in this paper. 1If we neglect
the angular spreading, then the relation between the true spectrum ¢g
and® the apparent spectrum ¢s is expressed as

Yoo (Eg) |3E0/3Ex] = ¢p(E) (4)
where the summation is taken for all possible combinations of fg and
fa. In our experiments f; and f, were uniquely related in all cases
and the relation (4) can be simplified to

dpo(£g)*Afy = ¢o(£x) -Afp (5

By using the relation (5) we calculated the true spectra from the
apparent spectra.

3. Experimental results

3.1 Data of winds and currents

The values of wind friction velocity u,, which were determined
from the wind velocity profiles are shown in Table 2. 1In general u,,
are larger in the cases of adverse current than in the cases of favor-
able current reflecting the water surface conditions.
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Table 2. Values of uy, (em/sec) .

Currents
Wind Station —
+29.9 +20.3 U=0 -20.3
A-2 19.8 20.7 23.3 30.6
5.6 B 23.5 24,2 26.1 30.8
(m/sec) C 21.4 21.7 25.7 27.8
D 19.0 21.2 26.6 22.3
A-2 34.8 34,3 40.0 49,2
8.2 B 31.5 35.3 46.1 47.9
' C 29.9 31.3 41.2 48.7
D 27.5 30.4 44.6 43.1
A-2 59.1 68.2 71.1
B 55.7 64.3 72.3
11.0 c 54.4 | 67.3 | 78.1
D 61.7 76.2 89.9 J
40
Favarable Current Wind 8.2 mss
36 (U=+299cms) _
32| Adverse Current (U=-203)[ yicm)
Station A-2 028
28 g -3
{a) No Wind . :zgg

U {cm/sec)

U {cm/sec)

24 a5 T

M ™~ .
20 \/ Station C 7

-50 0 *+50 Lateral

Lateral Distance {(cm)

Distance (cm)

Fig. 3 Lateral current distri- Fig. 4 Lateral current distri-
bution in a case of bution in a case of
favorable current, adverse current.
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The lateral distributions of current velocity at A-2 and C
stations in the case of favorable current U=+429.9 cm/sec at wind 8.2
m/sec are shown in Fig. 3. As seen from this figure, in the cases of
relatively large favorable currents (U=+420.3 and +29.9 cm/sec) the
velocities near the water surface at C and D stations became somewhat
larger at the central part than those at the both sides. On the other
hand, in the cases of adverse current the lateral velocity distri-
butions were almost uniform at every station. The distributions with
and without wind at A-2 station in the case of U=-20.3 cm/sec are
shown in Fig. 4. Obviously the distributions near the surface were
made more uniform by the action of wind.

The values of surface current velocity ug under various current
conditions at wind 8.2 m/sec are shown in Fig. 5. The measurement of
ug was so difficult in the case of adverse current U=-20.3 cm/sec
that it was performed in that case by suppressing the waves with
detergent mixed in water.

3.2 Variation of wave heights

The measurements of waves at each station were conducted at three
lateral positions; at the center of channel width and 50 cm apart from
it to both sides. As a parameter to represent the total wave energy
we use the significant wave height Hy/3 evaluated from n2, the average
of the three lateral values, where n 1s the water surface displacement,
Fig. 6 shows the variation of H)/3 with fetch under various current
conditions at wind 8.2 m/sec.

8
Wind 8.2 mss
! T
Wind 8.2 m/s
U=+299cm/s
60 ///(}\io
//o/’/
- 04203
- o
so © A S0 |
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+10.1 k]
~ a0l - ,
§40 e ;
§ e R B
3% o cuRRENT, |
3 AT
2o -10.4 i
N - ?_J*k_i”//.//?
ol m—a___ a _—<144
e B —7
-20.3
a~a. B B2 32— o
oLt 4A3" - — “C_ : | |
() 10 20 10 ol
F{m) A = = |

F{m)

Fig.5 Values of surface cur-

(o : £ .
rent velocity ug. Fig.6 Variation of Hj/3
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In the cases of large adverse current the peculiar waves propa-
gating obliquely grew with time at short fetches and the total power
there became unusually large. The frequencies of such waves were
smaller than those of usual wind waves, and the powers (spectral den-
sities) of such oblique waves were excluded approximately in the com-—
putation of Hy/3. As seen from Fig. 6 the wave heights Hj/3; change
systematically with currents., being small for favorable currents and
large for adverse currents.

3.3 True spectra and the peak frequencies fom

As some examples of the obtained true spectra the results in the
cases of U=+29.9 and -14.4 cm/sec at wind 8.2 m/sec are shown in
Figs. 7 and 8. From Fig. 7 it is seen that the low frequency wave
components develop remarkably from A-2 to B stations. In Fig. 8 the
spectra at short fetches such as A-2 and A- 3 have two peaks, respec-
tively. The right peaks of them correspond to the usual wind waves.
Concerning the left peaks the obtained spectral densities may not be
correct so much, but they correspond to the obliquely propagating waves
mentioned above.
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We define a dominant wave at each fetch corresponding to the peak
frequency of true spectrum fyp. Then the dominant wave length Ly can
be calculated from fyy by using the relation (2). Fig. 9 shows the
obtained values of Ly under various current conditions at wind 8.2
m/sec. As seen from this figure the dominant wave lengths Ly are just
like Hj ;3 small for favorable currents and large for adverse currents.
This variation of wavelength with current is quite contrary to the
behavior of the waves moving from still water to a region of current. -
Huang et al (1972) calculated the wave spectra on currents by con-
sidering the kinematic and dynamic interaction between a component
wave and current and also using the Pierson-Moskowitz spectrum, How-
ever, we must be aware of the distinct difference between the waves
generated on a current and the waves propagated into the current from
still water.

The values of Ly in each case could be represented as a function
of fetch F in the form

Lp = o F" 4+ L (6)

where o, n and Ly are constants. The curves in Fig. 9 show the rela-
tion (6) applied to the data in each case, where at short fetches in
the cases of adverse current the
values of Ly measured photograph-

ically (but not shown in Fig. 9) 10° gy
were taken into consideration in TRUE 1 ‘ 3
order to exclude the influence of SPECTRA U=-10.1 crvs 1
the oblique waves mentioned Wind 82 m/s |
earlier.

107

L1y
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L

Le (cm}
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Fig. 9 Variation of dominant wave- (ha)

lengths with fetch.
& Im ¢ Fig. 10 True spectra under

different current
conditions.
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3.4 Equivalent fetch length

Fig. 10 shows the true spectra obtained under differeunt current
conditions at the station A~ 3 (fetch=5.25m) at wind 8.2 m/sec.
The high frequency parts of these spectra almost coincide in a curve
and the variation of these spectra with currents resemble closely the
variation of the spectra with fetch under no current. This fact sug-
gests that the most prominent effect of water current on the develop-
ment of wind waves is to change the effective fetch length, This
effect must be caused by the change of the wave energy transfer veloc-
ity due to the current.

Concerning the development of a particular wave component,
a fetch length F; and a wind duration time t; related by

ty =F1/cg (7)

are regarded as equivalent dynamically (Phillips and Katz, 1961),
where c, is the group velocity of the component wave. tj of eq. (7)
represents the time required for the energy of the component wave

to propagate over the distance F;. In the sense similar to (7)

we assume that the wind duration time which substantially controls
the total wave energy at fetch F under a particular current condition
is directly proportional to the time t given by

. F 1
t = JO —Z;;?;y-dx (8)

Yhere cgy is the group velocity of the dominant wave at each fetch;

t of (8) is the time required for the energy of dominant wave to
arrive at the measuring spot concerned, Then we can define the effec-
tive fetch length F' which is equivalent to fetch F under no current
in respect of the development of total wave energy as follows:

F' = F+ [t/ t] (9
where EO is the value of t under no current, In our experiments the

values of t were calculated numerically by using the empirical rela-
tion (6) as well as the current data measured at six stations.

3.5 Non-dimensional representation of Hi/3 and fop

Concerning the growth of wave spectra under no current it has
been found by Mitsuyasu (1968) that the total wave energy E (=nZ) and
the spectral peak frequency fp are represented in the non-dimensional
forms such as

0,504

g/E/u2y = 1.31 x10-2 (gF/ul,) (10

-0,330

Uya fm /g = 1.00 (gF/uZ,) (11)
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These fetch relations were obtained using the wind and wave data in
a bay as well as in a wave tank and the similar relations were also
obtained from the wave data of JONSWAP (Hasselmann et al, 1973).
Recently it was found by Mitsuyasu and Rikiishi (1975) that the wave
data in a wind-wave channel only are more fitted to the following
relations:

g/f/u,%a = 6.70x 1073 (gF/uia)O'el"] (12)

-0,357

Uafm/ g =1.19 (gF/uia) (13)

By replacing VE with H1/3 the relation (12) can be rewritten as

gHy /3 . 0.641
.2, = 0.0268 [T] (14)
*a *a

Using the equivalent fetch F' of eq. (9) in place of the natural
fetch F together with the wind friction velocity uxy, experimental
data of Hy/3 and fom were plotted in the non-dimensional forms stated
above, respectively. Fig. 1l shows the results for Hj /3. In this
figure, at the higher wind speeds (8.2 and 11.0 m/sec) the data from
different current conditions are consistent very well in a line and
this indicates that the non-dimensional representation by the equiva-
lent fetch F' is adequate. On the other hand, the data at the lowest
wind speed (5.6 m/sec) deviate from the points at the higher wind
speeds. Such inconsistency, however, has already been reported in
the case of no current by Mitsuyasu and Honda (1975), and it is sup-
posed to be due to the undeveloped wave condition. A straight line
in Fig. 11, which was determined for the data at the higher winds,
is represented by

gHi/3 , 10.669
S = 0.0222 [ 8T } (15)
Usa Uka

The dotted line in Fig. 11 shows the relation obtained by Mitsuyasu
and Rikiishi (1975), eq. (14), and the two relations coincide very
well.

Fig. 12 shows the results for the peak frequency fyp. Also in
this figure the data at the higher two wind speeds are represented
pretty well by a straight line in the figure which is given by

-0,354

F'
=o.939[ 5 ] (16)
Uxa

Uy Tom

g

The relation (13) by Mitsuyasu and Rikiishi (1975) is also shown in
Fig. 12 by the dotted line. Although there is some difference between
our result and (13), it is mostly attributed to the effect of drift



WIND WAVES STUDY

— - Mitsuyasu 8 Rikiishi (1975)

gHvs

A--o00222 (—%:—)m’ .

< —
% wind (mse)  Current
I o . 1o g2 se ‘™
1 ?(gé . + O W +299 |—
2 ° . o o s 4203 |
. x & a +io04 |_|
n * Q o 3 o —
.
O e -100 |
v v -ia4 |
Lol 11 1 il | ] L1110
1ot . 10* 10
gF7uke
Fig. 11

002

Experimental results of H;/3 represented
in the non-dimensional form.

Fig. 12

10t 10
gF 7 u,

Experimental results of the peak frequency fop
represented in the non-dimensional form.

753



754 COASTAL ENGINEERING—1978

current; in our experiments the effect of drift current was completely
corrected, while no correction was made for the data of Mitsuyasu and
Rikiishi (1975). Since, however, it is rather customary under no
current to use the frequency data including the effect of drift cur-
rent, we must notice it in case of extrapolating the present relation
(16) up to a field scale.

4. Conclusions

We have described the experiments conducted in a wind-wave
channel to investigate the effect of water current upon the develop-
ment of wind waves.

From the experimental results it was inferred at first that
a water current has an effect to change the substantial (effective)
fetch length; an adverse current increases the effective fetch and
a favorable current decreases it. Considering the change of energy
transfer velocity due to the current, we proposed an idea of equiva-
lent fetch length to express the current effect on the development
of wind waves.

It was shown that the non-dimensional fetch relations, which
were originally obtained for the wind waves under no current, can
equally be applied to the wave data, Hy;3 and fgy, under various
current conditions if the equivalent fetch length is used in place
of the natural fetch.

The idea of equivalent fetch length is expected to be of use
in the prediction of wind waves in the sea when there is a current,
although some assumptions will be necessary in the case of adverse
current,

Finally the authors are grateful to Mr., Y. Miyazaki and Mr,
T. Doi for their assistance in the experiments.
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CHAPTER 43

VARIABILITY OF LONGSHORE CURRENTS
BY

R. T. Guza] and E. B. Thornton2
ABSTRACT

Simultaneous measurements were made of the offshore
directional spectra of gravity waves, and longshore currents
within the surf zone. The goal was to test theories which
suggest _a direct relationship between mean longshore cur-
rents (V) in the surf zone and offshore values of the off~
axis component of radiation stress (s ). Seventeen minute
averages of both § and V showed conéYderable temporal
variation, and litt{e or no tendency to vary together.

There was also considerable longshore spatial variability

of the longshore current. Attempts to measure gradients of
S in the surf zone¢ failed because of small errors in
inétrument orientation. The measurements suggest that con-

siderable temporal and spatial averaging will generally be
required to obtain a representative picture of longshore
currents, even if no rip currents are present, due to the
presence of '"eddy' motions or long edge waves.

INTRODUCTION

Following the introduction of the concept of radiation
stress (Longuet-Higgins and Stewart, 1964) many detailed
theories for mean longshore currents :in the surf zone region
have been advanced {(for example: Bowen, 1969a; Thornton,
1970; Longuet-Higgins, 1970). Earlier work (Putnam et al
(1949), tnman and Quinn (1951) contained much of the essen-
tial physics but lacked a quantitative formulation. The
newer formulations are fundamentally similar to each other
in that they propose a longshore momentum balance between
forcing terms related to the mean lateral thrust exerted on
the surf zone by non-normally incident incoming gravity waves,
and retarding forces associated with bottom drag. Lateral
mixing complicates the picture by diffusing longshore momen-
tum across horizontal shear currents. Different authors use

!Asst. Professor, Shore Processes Lab, Scripps Inst. Oceano-
graphy, La Jolla, California

Zpssoc. Professor, Naval Postgraduate School, Monterey, CA
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different assumptions about the behavior of waves inside the
surf zone and about the detailed forms for drag and mixing
terms. As a result, the predictions of the magnitude of

mean longshore currents and the distribution across the surf
zone are somewhat different for identical incident wave con-
ditions. The different theories do agree that for plane
parallel contours the total lateral thrust on the surf zone
is given by the off-axis term of the offshore radiation stress
tensor, Sx , or equivalently by, sB ., the "break point" radi-
ation streds value. Evaluation of $B  involves estimation

of a significant breaker angle, period and height, subjec-
tive quantities prone to gross errors (different observers

on the same day report values of SE commonly differing by
more than 100%). Therefore, in order to test the theories
for longshore current with observation we have simultaneously
measured S,, offshore (10 m. depth) and longshore currents
within the surf zone.

Instrumentation

A large scale field experiment was conducted at Torrey
Pines Beach near San Diego, California during the month of
March 1977. Properties of the incident gravity wave direc-
tional spectrum were measured with a 400 m. long, 5 element
linear array of Statham pressure sensors; their mean depth
‘was about 9.5 m. Six biaxial Marsh-McBirney electro-magnetic
current meters were installed in the surf zone during low
tide. A plan view of instrument positions is shown in Fig.
1A, The pressure sensor signals were telemetered to shore
using the SAS system described in Lowe et. al (1972). The
current meters were powered and sampled from shore using
armored cables. The sampling frequency was 64Hz; the data
was immediately block averaged and decimated to 2 Hz.

Figure 1B shows typical shallow water depth profiles
for range lines A, C, D on East-West transects. The profiles
overlay other when put in a coordinate frame rotated 4°N of
E (the orientation of the pressure sensor array) suggesting
approximately plane parallel contours in this coordinate
frame. Contours between the offshore array (not shown) and
the current meters show no marked deviation from plane
parallel (4°N of E) suggesting that refraction does not lead
to significant alongshore gradients of breaker height.

Incident Wave Field

The offshore directional spectrum was analyzed using
Fast Fourier transforms in the time domain to obtain phase
lags for each frequency band. These phase lags were analyzed
using maximum likelihood estimation techniques to obtain
the direction distribution of wave energy in each frequency
band. Steve Pawka did the offshore wave analysis and sub-
tleties of the analytic methods are discussed extensively in
his soon to be completed Ph.D. thesis. We thank him for
kindly providing directional spectra for use in this
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discussion of offshore radiation stress terms. Fig. 2A
shows a typical distribution of variance per frequency band.
Each band is .0078 hz wide and has 16 degrees of freedom.

The record length is 1024 sec. The energy is centered around
periods of about 1% sec., with a background of higher fre-
quency waves. Given the directional distribution of energy

in each frequency band, E(f,a), the relevant off-axis com-
ponent @xy(f»of the radiation tensor is given by

T
S (f) i/ﬁ E(f,a)n(f)sin o cos o da (1)
L

where n(f) is the ratio of group and phase velocities
(assumed given by linear theory) at the array depth and a

is the deviation from normal incidence. On plane parallel
contours S is a conserved quantity if no dissipation occurs
(Bowen, 196§b Thornton, 1970) so S><y at the array gives
Sfy, the deep water value. The entire topography seaward

of the array is not plane parallel, but for sump]lcnty we
have assumed that it is. Fig. 2B shows that S§% (f) is maxi-
mum at the peak energy frequencies. However, tKe relatively
broader frequency band of high frequency ''chop'' makes a sig-
nificant contribution to the total S3¢'. In this example,
the principal peak contributes -5.7 x 10° g/sec? while the
"chop' contributes +3.5 x 10% g/sec?. Thus, the total

lateral stress exerted on the surf zone by all frequencies,
T 00
fee]
=f $® (f) df (2)
Xy
(o)

contains significant contributions from a very broad range
of frequencies. Visual observations of a significant breaker
height and period generally pick out the swell peak and ig-
nore the chop. In certain cases, strong locally wind gen-
erated high freguency waves with large angles of inC|dence
may produce a true S which is opposite in sign to sl est-
imated by visual obsefvations biased towards long swe]Y

This may explain some (but probably not all) of Nummedal and
Finaley's (1978) observations showing a stronger correlation
between local wind and longshore current than between visual
observations of S, and longshore current. More concisely,
the eye simply is not a very good directional spectrum est-
imator when the incident wave field is broadbanded in both
frequency and direction. Figure 2C shows the '"principal
stress angle of approach" a,(f) defined (rather arbitrarily)
using (1),

n n ¥ (f

)
sinoaoo(f) COSOI,OO(f) = n—x%?ﬁ—(-{?)— (3)

where Sj (f) and E_(f) are the radiation stress and energy
per freqlency band in deep water. As -is obvious from Sxy(f),
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= (f) shows the swell and chop approach from different
qﬁadrants.

Measurements of Sj;T on several different days show
it to be a statistically noisy quantity. This is not sur-
prising because each S (f) depends on both the variance
and directional distribution of energy in that band. Ficure

3 shows the time history of variance (Fig. 3a), = (Fig. 3b),
and Sx f) (Fig. 3c¢) for the two adjacent bands in the swell
peak Shown in figure 2a. The energy dances about, as does

@, + The combination of the two fluctuating quantities
going into S__(f) leads to statistical variation of Sxy(f).

We note that"the behavior of & and <o?> are somewhat
correlated for these adjacent frequency bands, but that
Sxy(f) 1s apparently less correlated. Considering that

Sl is made up of many S,,{(f) which all fluctuate, it is not
su¥prising that S, is statistically unstable. We have done

no further statistical analysis of Sxy and only make the
general comment that, at Torrey Pines Beach, 1024 secs

(17.1 min) does not appear to be a long enough _sampling time
to adequately measure the forcing function S§9

Surf Zone Longshore Currents

Fig. 4 shows 1024 sec means of longshore currents inside

the surf zone and of offshore measurements of Si?. Fig. k4a
demonstrates the significant temporal fluctuations of $y
discussed previously. Visual observations (whatever they

may or may not signify) did not indicate any obvious non-
stationarity of the incident wave field. Large breakers

(1.5 m. height) were present with pronounced angles of
approach. All current meters were in the inner half of the
surf zone. No obvious permanent rips were observed between

A and D ranges. Figs. kb, c, d show mean values of longshore
current for sensors at various longshore and ar-offshore
locations (Fig. 1). At this particular tidal stage (during
high tide with little mean depth change) the shallowest and
deepest current meters were in depths of about 60 cm. and

120 cm. respectively. The instruments on the same on-offshore
range line show some tendency to vary together, but range
lines 100 m. apart in the longshore direction (A and C for

example) show little tendency to vary together (Fig. 4).

Furtherm?re, no instrument showed an obvious covariation
. [ee]

with Sx;

Referring back to theory (Longuet-Higgins, 1970, egs.
54-55) for guidance, we should actually expect the surf zone
width to vary with Em’T, and the current strength at 23 fixed
location (always inside the breakpoint) to vary with “1’
some measure of an approach angle characteristic of the
entire directional spectrum across all frequency bands (re-
call ;w(f) represents the principal stress angle for a given
frequency band). We made an extremely crude estimate of
&I using
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Sm ’T
sinal cos &T = XY (4)
@ p

where n, is given by the frequency of the spectral peak.

No longshore currents showed an obvious covariation with

;l. Our conclusion is not a welcome one: considerable
longshore variation of mean (temporal) longshore currents

can occur even on a relatively straight beach with no obvious
rip structures. A large (unknown) amount of longshore
spatial averaging, as well as temporal averaging, may be
necessary to determine the '"'mean longshore current' on a
given depth contour.

The dominant term in the longshore momentum balance is

on-offshore gradients of S inside the surf zone, regard-
less of the contribution of’nonlinear terms (for example
vov/3y) or alongshore variations in breaker height. | f

nonlinear terms, longshore variations in mean sea level,
and lateral mixing are neglected, the longshore momentum
is simply

as, T (x) e
5_31____ - > oGy [0(x,t)|vix,t) (5)

N

where Cf is a Chezy' drag coefficient, U(t) and v(t) are the

instantaneous total and longshore velocities respectively,
is absolute value, and the overbar indicates time aver-

aging.

Assuming no vertical variations in fluctuating horizon-
tal velocities (u'(x,t) and v'(x,t)),

Sly(x) = ph(x) u'(x,t)v (x,t) (6)

The usual simplifications of the drag term (Eg. 5)
necessary for analytic progress (for example, that u' > v')
are not necessary when measured time series are available.
We simply computed Sl (x) at different offshore locations
on the same range 1ih¢, and solved for Cr

c. - 2055y (x2) =Sky(x;))

p|T(xi,t) | vixi,t)

different values of Cf result from calculating the friction
term at location 1 or 2. Fig. 5 shows measured offshore
variance, $®:1 and low passed means of surf zone radiation
stress gradients. There seems to be a similarity between
Sz;T and i~x¥ in the surf zone. Calculated values of Cf

3 x
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are shown in Fig. 6a. Different Cf values occur depending
on whether time series from A Il (mid surf zone) or A III
(inner) are used in calculating drag terms. Averaging

C¢ (mid) and C. (inner) for the whole data set gives

Cg =.003, which is not considerably different than the
commonly used value of .0l. This was the first data set
analyzed and we thought some of the low value of Cg could be
due to neglected nonlinear terms, or longshore and vertical
variations in S,,. It was more worrisome, however, that the
actual magnitudes of SX at surf zone locations (also shown
in Fig. 6) indicated a Yarger Sxy at mid-surf zone than at
the offshore array. This does not seem possible since §

is conserved quantity during non-dissipative shoaling, an
theoretically decays monotonically across the surf zone.

We attempted to test the assumption of no vertical
variation in u'v' in another experiment (July, 1978)
using 6 flow meters horizontally closely spaced. Three
meters were installed on the same depth contour, separated
by 1 m. in the longshore direction, at different elevations
off the bottom. To insure that no interference between
closely spaces electromagnetic current meters occured,
the magnet drivers operated in a syncronous master-slave
configuration. The flow meters were dynamically calibrated
over the entire frequency range of interest using an oscil-
lating arm. Considerable effort was made to carefully allign
the current meters. The current meters were mounted on a
bracket that allowed three degrees of rotation. A special
jig was used to orient the mounting bracket vertically with
a bubble level and horizontally with a compass. Tests were
conducted to insure that deflections of the compass needle
by the ferrous mounting bracket were minimized.

The measurements were initially encouraging in that all
instruments showed virtually the same on-offshore velocity
spectra. For example, the spectra of instruments the same
depth above the bottom, and separated by 7 m. in the on-off-
shore direction (a total depth difference of 8 cm.) are
given in Fig. 7; the spectra show similar variance, a very
high coherence, and a phase speed slightly faster than v gh
with h the measured mean depth. Fig. 8 shows the similarity
between longshore velocity spectra.

Particular note in Fig. 8 should be paid to the large
lTow frequency components in the longshore velocity spectra;
this is similar to the low frequency longshore current
oscillations described in Inman and Quinn (1951), Woods and
Meadows (1975), Woods (1976), and more recently by Holman
et al. (1978). Without exception every longshore velocity
spectra of the hundred or so we examined (corresponding to
about 60 hours of observations over a month long period)
showed this tendency towards spectral redness, regardless of
record length. The longshore current temporal fluctuations
are not site or wave regime specific since the present
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observations are from Southern California, Woods and Meadows
observations are from the Great Lakes, and these of Holman
et al. are from the wilds of Atlantic Nova Scotia. This
mass of data suggests a grave danger in any assumptions of
temporal stationarity such as are implicity made when pro-
filing "mean'" currents with a movable sled or other such
device. An appropriate temporal averaging time for mean
longshore currents is not known. Woods and Meadows (1975)
show 4 successive 15 minute means, and these averages, about
60 cm.sec, differ from each other by less than 5 cm/sec.
Clearly, in this case, 15 mins. is a long enough time to
obtain a stable average. On the other hand, Fig. 9 shows
sequential 256 sec. (4.3 min) averages from 5 closely

spaced instruments at Scripps Beach. The instruments vary
together suggesting that the observed fluctuations are not
due to sensor malfunction. Sequential means at the same
location typically vary by as much as 20 c¢cm/sec., so a
single 4.3 min. average is not a representative value of

the mean over longer time scales.

Upon calculating ST from these current meter records
Figs. 7,8, instead of fThAding very similar values as antic-
ipated, we found order of magnitude difference, sign rever-
sals, and a general scatter suggestive of useless data! The
reason for this is as follows. It can easily be shown that,
at a particular current meter

T ©
Sxy = ph(x) f ny(f)df

(o]
= oh(0 7 (B (AE ()7 v, (Feoso(Fdf (7)
(o]

Ey,v(f) are the energy densities of (u . and v] respectively,
8(f) is the phase angle between u and v, and Yuv(f) is

the coherence between u and v. Figs. 10 and 11 show these
spectral quantities for two closely spaced instruments.
Although the spectral values are similar (Figs., 7,8), the
values of coherence and phase are not. For example, around
the spectral peak at .1 hz, Fig. 10 shows a narvower band of

higher coherence than Fig. 11, and a phase of about /2
compared with m in Fig. 11. This is typical of the differ~
ence between sensors and clearly shows (egq. 7) why S is

so different for the two instruments. Why is this occur-~
ring?

Large errors in radiation stress can occur due to even
small errors in resolving the direction of fluid motion
associated with the angle of incident waves. In terms of
the measured spectra, the total energy density and the
quadrature-spectrum are invariant with coordinate rotation,
but the cospectrum used to calculate radiation stress is
very sensitive to coordinate rotation.
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A simple application of Snell's law to a monochromatic
plane wave with period 12.6 sec. shows that refraction
reduces a deep water angle of incidence (um) to a local
angle (a) in a depth of 1 m. given by

L= 17
cxOO

Thus, even a relatively large deep water approach angle of
20° is reduced to a small angle of 3.4°. Now consider
correctly measured velocity components (u,v) and incorrectly
measured velocity components (ur’Vr) due to a coordinate
rotation of angle A as shown in Figure 12. Assuming either
all waves approach from the same direction or using a mono-
chromatic wave argument, the radiation stress using equation
6 can be stated proportional to

sT

Xy
Assuming small angles of approach and small rotation errors,
the incorrectly measured radiatLon stress is proportional to

(x) = u'({x,t)v'(x,t) = u'{x,t)%tan o

sxy(x)r'« ullx,t)vi(x,t)

= u'(x,t)v'(x,t) - u'(x,t)2sinA

The relative percent error is given by

T

|- sxy(x)r _ sina 2
sT (x) tand o
Xy

Therefore, since refraction reduces the local angle of
incidence to the size of the orientation errors, the error
in radiation stress can be very large.

Given perfect instrument directional response and perfect
orientation, there is also the more fundamental problem of
defining the longshore direction. What spatial scales should
be averaged over to determine a contour orientation? Errors
associated with choosing a longshore direction even on the
relatively straight and parallel contours of Torrey Pines
appear to be on the order of several degrees minimum. There-
fore, our calculations of Cf(Fig.é) are probably nonsensical.

Fortunately the small orientation errors discussed above
do not introduce serious errors in measurement of_mean long-
shore .current because V is generally larger than U, so the
projection of small fractions of U onto the V signal is not
a large error. Our conclusion is that without further
sophistication in instrument orientation and design and a
better understanding of length scales, it is not possible
to measure radiation stress in the surf zone.
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u COSA + v SINA
y vp = ~uSINA+v COSA
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=
n

Figure 12. Rotation of coordinate axis for investigation
of its influence on radiation stress.
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CONCLUSIONS

1. Offshore measurement of radiation stress (the
theoretical total lateral thrust exerted on the surf zone)
show it to be statistically noisy. This is a preliminary

“result and it may be site and wave climate specific. Never-
theless, until demonstrated otherwise, short time interval
measurements of S cannot be considered as necessarily
giving an accuraté’estimate of the true mean Sxy

2. Mean longshore currents at a fixed surf zone
location are temporally noisy. This has been previously
observed by several authors. Mean longshore currents are
also spatially noisy, even with no obvious rips, suggesting
that nonlinear terms and local short term variations in
alongshore breaker height are important in the equations of
motion. Free '"eddy'" motions may also be present in the
surf zone.

3. Measurements of ST in the shallow portions of the
surf zone are seriously cohfaminated by even small (+2°)
sensor orientation errors. This is also true for vertical
velocities.

L, A closing philosophical-historical point: the
poineering studies during the early 1950's of Sverdrup,
Munk, and Stommel presented a rather simple picture of large
scale ocean circulation. The forcing by wind, was represent-
ed by a simple long term average. The predicted currents
were generally weak and horizontally smooth. The equations
used by these authors are basically identical to the
standard surf zone equations. They even discussed the
relative importance of drag and eddy diffusivity terms,
just as is currently done in surf zone dynamics. Nonlinear
terms were necessary to explain the jet-like Gulf Stream,
just as we currently need these terms to get appropriately
strong and narrow rip currents (Arthur, 1962; Bowen, 1969b).
Observations with Swallow floats showed, however, that while
these theories might correctly predict yearly means,
instantaneous (compared to a year) measurements showed large
temporal and spatial fluctuations. Even though an enormous
amount of energy and money has since been spend on experiments
like MODE and POLYMODE to try to determine the importance of
shorter scale fluctuations on the longer scale flows, these
questions remain unresolved. Considering the strong analogy
between developments so far, and the gross nonlinearity of
the surf zone, it is probably overly optimistic to hope that
out task of accurately difining and understanding mean
nearshore flows will be simple.



774 COASTAL ENGINEERING—1978
BIBLIOGRAPHY

Arthur, R. S., 1962, "A note on the dynamics of rip currents',
Jour, Geophys. Research, 67 (7), p 2777-2779.

Bowen, A. J., 1969a, '"The generation of longshore currents
on a plane beach', Jour. of Marine Research, 27, 2:
p 206~125.

Bowen, A. J., 1969b, '"Rip Currents (1), Theoretical Investi-

gations'', Jour. Geophys. Research, 74 (23)p 4567-5478.

Holman, R. A., D. A. Huntley, and A. J. Bowen, 1978, "Infra-
gravity waves in storm conditions'", Proc. 16th Conf.
on Coastal Eng. :

Inman, D. L. and W. H. Quinn, 1951, "Currents in the surf
zone', Proc. 2nd Coast. Eng. Conf., p 24-36.

Longuet-Higgins, M.S. and R. W. Stewart, 1964, '""Radiation
stresses in water waves: a physical discussion with
applications', Deep Sea Research, p 529-562.

Longuet-Higgins, M. S., 1970, ''Longshore currents generated
by obliquely Incident sea waves', Jour. Geophys.

Research, 75: 33; p 6778-6789.

Lowe, R. L., D. L. Inman and B. M. Brush, 1972, "Simultaneous
data system for instrumenting the shelf'", Proc. 13th
Conf. Coast. Eng., p 95-112.

Meadows, G. A., '"Time Dependent Fluctuations in Longshore
Currents", Proc. 15th Coast. Eng. Conf., 660-680, 1976.

Nummedal, D. and R. J. Finley, 1978, '"Wind-generated long-
shore currents', Proc. 16th Conf. Coastal Eng.

Putnam, J. S., W. H. Munk and M. A. Traylor, 1949, "The
prediction of longshore currents'', Trans. Amer. Geophys.

Union, 30: p 337-345.

Thornton, E. B., 1970, '"Wariation of longshore current across
the surf zone", Proc. 12th Coast Eng. Conf. p 291-308.

Wood, W. L. and G. A. Meadows, 1975, '"Unsteadiness in long-
shore currents', Geophys. Res. Letters, 2(11), p 503~
505.




LONGSHORE CURRENTS VARIABILITY 715

Acknowledgements

Surf zone measurements were supported by the Office
of Naval Research, Geography Branch, under contract number
NR 388-114 (E. B. Thornton) and N000O14-75-C-0300 (R. T.
Guza). The collection of offshore array wave measurements
were supported by the Jet Propulsion Laboratory as part of
the West Coast Experiment. Analysis of the offshore wave
records were performed by Steve Pawka under ONR sponsor-
ship. The July, 1978 mini-experiment was supported by Sea
Grant, Natl. Sed. Transport Study, project R/CZ-N3. Basic
overall logistics support for the experiments were provided
by the Shore Processes Laboratory.



