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Numerical modeling of sediment transport for various mode 
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Abstract 

There are various mode of sediment transport on sandy beach. They are bed 
load, suspended load and sheet flow. Until now, various kinds of numerical model for 
analyzing these sediment transport have been developed based on the assumption of 
each mode of sediment transport. Consequently, it is difficult to apply them to 
different mode of sedimentation. 

In this study, we propose a relatively simple numerical model for simulating 
sediment motion of various mode based on the semi-multi-phase flow model. The 
applicability of the model to sheet flow transport and suspended load transport is 
examined by using existing experimental data. 

The results show that for the suspended sediment, it is necessary to take into 
the effect of the vortex to lift up sediment to high position. To construct numerical 
model for simulating sediment transport phenomena of the various mode , we have to 
introduce generation , development and disappearance process of bed ripple in this 
model. 

Introduction 

Mode of sediment transport continually changes from bed load, suspended 
load to sheet flow according to the increase in magnitude of agitation force. Until 
now, various kinds of numerical model for analyzing these sediment transport have 
been developed. An advection-diffusion equation has been widely used to analyze 
suspended sediment concentration. Suspended load is expressed as the product of 
concentration and migration speed of suspended sediment that is assumed to be 
equivalent to water particle velocity when the concentration is not so high. 
Concentration of bed load and sheet flow has also been analyzed by solving the 
advection-diffusion equation and the migration speed is estimated by solving a 
momentum equation of multi-phase flow. When we analyze sediment motion by these 
model, we have to know the mode of sediment transport before we determine what 
kind of model we should use.  
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In this study, we propose a relatively simple numerical model for simulating 
sediment motion of various mode based on the semi-multi-phase flow model. The 
applicability of the model to sheet flow transport and suspended load transport is 
examined by using existing experimental data. The effect of vortex shedding from the 
rippled bed on the Schmidt number is also investigated numerically. 

Numerical simulation method for analyzing sediment transport 

(l)Basic equations 
Numerical model consists of a horizontal momentum equation of one-phase 

flow and equations of mass conservation of two-phase flow. There are generally six 
equations, that is, conservation of mass and conservation of horizontal and vertical 
momentum flux for sediment phase and fluid phase. 

The continuity equations for sediment and water phase are shown by Eq.(l) 
and Eq.(2). 

dpsc | dpscus | dpscws _ Q 

dt dx dz 
dpAl-c)     dp,{l-c)uf     dpf{l-c)wf 
—l + —l L + —i L = 0 (2) 

dt dx dz 

where c is volumetric concentration of sediment, ps and pf are the density of sediment 
and water, us and uf are horizontal velocity of sand and water particle, ws and wf are 
vertical velocity of sand and water particle. 

The momentum equations for sediment and water phase are shown by 
Eqs.(3),(4) and Eqs.(5),(6). 

dPsCUs   , dpsCUs
2      dpscusWs <%)  ,  dlja_ ,  *zx       , /Qx 

 1 H = — C 1 i V Jx (p) 
dt dx dz dx       dx dz 

dpscws | dpscusWs | dpscws
2       ^dp | drxz | dra | 

dt dx dz dz      dx        dz 
dpf{l-c)uf     dpf{l-c)uf

2     dpf{l-c)ufWf _    ,        ^dp_f 

dt dx dz dx 

dpf(l-c)Wf + dPf(l-c)ufWf +dpf(l-c)Wf
2 _{l_c)Sp_p{l_c)g_fz 

dt dx dz dz 
where p is pressure, fi(i=x,z) is the i-th component of interaction force per unit 
volume between sediment and water, Yij is inter granular stress tensor. 

There are six unknowns, p, uf, wf, us, ws, and c. However, it is very 
difficult to get stable numerical results of these equations due to very strong non-linear 
interaction of each equations, Therefore in our model we use the horizontal 
momentum equations and mass conservation equations and apply empirical relation 
for determining vertical velocity of sediment phase. 

(2)Numerical simulation method 
To construct numerical model we made some assumptions and simplification. 

One is that the horizontal velocity of moving sand is the same as the horizontal fluid 
velocity. This implies that we apply single layer model for the sediment larded water 
and Eqs.(3) and (5) become Eq.(7) as shown below: 



du 
dx 
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+ — \{(l-c)pfWf + cpsws}u -{ne+ p£2 J—- 
dz I dz 

-"(ft-P^f-lp^-wKg-l (7) 
where u (=us=uf) is the horizontal velocity of sand and fluid particle and \xc is 
apparent viscosity of sediment laden water (Savage-McKeown ,1983). 

Sediment concentration C is calculated from the continuity equation for the 
sediment phase Eq. (1) by transforming it into an advection-diffusion equation with 
diffusion coefficient k[ as follows: 

dc     dcu     dew,       d (,    dc\      d (     dc\ 
— + + - =—\kx — \ +—\k—\ 
dt      dx        dz       dx\     dx)     dz\     dz) 

Eq.(9) is derived from Eq.(2) by performing the same transform. 
* d{\ - c)u d{\ - c)wf d ( Sc\ d ( dc\ 

dt dx dz dx\     dx)     dz\     dz) 
The diffusion coefficient is assumed to be proportional to the kinematic eddy viscosity 
fij by using Schmidt number Sm as follow. 

kx = QxISm kz=>QJSm (10) 

^=1.2AV0 A=l/{(cmax/c)1/3-l} (11) 

where no is water viscosity, X is the Linear concentration, cmax(=0.65) is the 
maximum possible static concentration of uniform spheres. We used the expression 
for kinematic eddy viscosity proposed by Nadaoka et al.(1990). 

(8) 

Q*-W ^ - "w2 'M^jltaax-cVc^Z (12) 

where l(z) is mixing length and K is Karman constant. 
To evaluate the vertical velocity of sediment phase, an empirical expression to 

relate settling velocity of sand particle and concentration is used. 

ws = -ws0{l-c/cmJ'3 (13) 

where wso is the settling velocity of sand particle in clear water. 
Vertical velocity of water particle is calculated by the continuity equation for two 

phase flow. Eq.(14) is derived from Eqs.(8) and (9). 

^ + ±{CWs+(l-c)Wf}=0 (14) 
Equations (7),(8),(13) and (14) were simultaneously solved by transforming 

them into finite difference equations. In this model, horizontal phenomena is assumed 
to be homogeneous in the direction of wave propagation. 
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(3)Initial and boundary conditions 
Z axis is taken upward from the initial sand surface as shown in Fig.l. The 

up-ward boundary conditions are given by Eqs.(15) and (16) at the boundary layer 
whose thickness is given by Eq.(17). 

dz 
0 (15) u - U0 sin(erf) 

max(Dz) = 4*rmax(« )/a u  = V) 
du 
dz 

(16) 

(17) 

The pressure gradient in Eq.(7) is given by the pressure gradient outside the boundary 
layer using the expression of Eq.(16). 

Z 

turbulent boundary layer: 

max(Dz)=4Kmax(u*)/a 

••Eq.17 

z=0 

non-movement layer 
c=0.99cmax,u=0onz=-z0 

••Eq.18 

cws +kz— = 0 • -Eq.15 
dz 

wU0sin(crt)    --Eq.16 

c=0.99c max 

(c„=0.65) 
• • Eq.20 

Fig. 1 Coordinate system 

Two boundary conditions at the bottom are applied. One is the velocity of 
sediment laden water is 0 and the other is sediment concentration is 0.99cmax. These 
are given at assumed initial thickness of sand layer z=-z(). To prevent dispersion of 
vertical gradient of apparent viscosity near sand surface, we distribute sediment 
concentration in sand layer from 0.97cmax to 0.99cmax between z=-zrj and z=0 
linearly. Calculations are started from the still water and there is no suspended 
sediment concentration in the region of z is greater than 0. 

The thickness of moving sand layer is determined by using Bagnold's 
condition as shown by Eq.(21). 

P'T^b   \ps~pf^tan&* (21) 
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The friction angle <)) in Eq. (21) also depends on sediment concentration. When the 
linear concentration is smaller than 1, there is no resisting force against shear. We 
assume that the value usually used for <\> is applicable when the linear concentration is 
larger than 14. It is said that fluid act as a Newtonian fluid when the linear 
concentration is smaller than 14. We change the value of 4> continuously in this region 
as shown by Eq. (23). 

a = A/A14 

« = 1 

• pf)gctan{atp)dz 

A £ 14(c =s 0.53) 

14 =s A(0.53 =s c) 

(22) 

(23) 

Applicability of the model under sheet flow and suspended sediment 
conditions 

We carried out a series of calculation under various conditions. Here, the 
calculated results are compared with experimental results under sheet flow condition 
reported by Horikawa et al.(1982) and experimental results under pure suspension 
condition given by Nakato et. al.(1977) to examine the applicability of the numerical 
method. There was not any bottom configuration in the former experiments and there 
were ripples on the bottom in the latter experiments. Both of the experiments were 
carried out in oscillatory flow tunnels. 

Figures 2 and 3 show the comparisons of calculated and measured horizontal 
velocity, concentration profile. Fig. 4 is the thickness of moving sand layer under the 
same experiment (Horikawa et. al.(1982)). In these calculation we assumed that the 
value of Schmidt number was 10. Measured velocity , concentration and thickness of 
moving layer are roughly reproduced by the numerical simulation. 
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Fig. 2 Comparison between Horikawa's experimental results and calculated results 
under sheet flow condition (Horizontal velocity profile, Schmidt number :Sm=10) 
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Fig. 3 Comparison between Horikawa's experimental results and calculated results 
under sheet flow condition (Sediment concentration profile , Sm=10) 
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Fig. 4 Comparison between Horikawa's experimental results and calculated results 
under sheet flow condition (Thickness of moving layer, Sm=10) 

We calculate the vertical distribution of purely suspended sediment 
concentration given by Nakato and others by using the same Schmidt number, that is 
Sm=10. In Figs.5 and 6, some examples of calculated results (shown by solid line) 
are compared with the measured results. As can be seen from this figure, we could not 
reproduce the measured distribution by the calculation. 
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Fig. 5 Comparison between Nakato's experimental results and calculated results under 
suspended sediment condition (sediment concentration profile ,Casel, Sm=10) 
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Fig. 6 Comparison between Nakato's experimental results and calculated results under 
suspended sediment condition (sediment concentration profile ,Case2, Sm=10) 

The reason for this discrepancy was simply because the kimematic eddy 
viscosity did not diffuse from the horizontal bottom and diffusion coefficient outside 
the boundary layer become almost 0. To improve our numerical model, we changed 
the value of Schmidt number from bed load layer to suspended load layer. In the bed 
load layer, the same value of Schmidt number as the sheet flow is used and for the 
suspended load layer, the value is reduced to be 0.5 to increase diffusion coefficient. 
We defined the bed load layer where the concentration is lower than the reference 
concentration given by Sawaragi et al.(1985). 

The calculated results are shown by broken lines in Figs. 7 and 8. The degree 
of agreement between measured and calculated concentration is improved. This 
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implies that the flow field, especially structure of turbulence in the sheet flow region 
and suspended load layer is perfectly different from each other and systematic vortices 
generated by the ripples play an important role in the purely suspended load layer. 
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Fig. 7 Comparison between Nakato's experimental results and calculated results under 
suspended sediment condition (Casel, Suspended load layer :Sm=0.5, Bed load layer 
:Sm=10) 
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Fig. 8 Comparison between Nakato's experimental results and calculated results under 
suspended sediment condition (Case2, Suspended load layer :Sm=0.5, Bed load layer 
:Sm=10) 

Diffusion coefficient of suspended sediment on the ripple bed 

To investigate flow field and the effect of the systematic generation of vortex 
on rippled bottom, we calculated vortex flow field on ripple bed by modified vortex 
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filament method originally proposed by Longuet-Higgins(1981). We used circular 
vortex instead of vortex filament to avoid velocity from going infinity. Eqs.(24) and 
(25) are the complex velocity potential of circular vortex used in the analysis. 

\W-Wn\>Gr=>^:ln{w-W„) (24) 
2m 
r 1 

\W-Wn\<Gr^-^-—{w-Wn) (25) 
l n\ 2m Gr " V   ' 

where W is the arbitrary point in the interior of the unit circle on the complex number 
plane, Wn is the position of circular vortex, rn is the circulation of circular vortex, Gr 
is the radius of circular vortex that will be determined from the comparison of 
measured and calculated turbulence intensity of horizontal velocity on the ripples. 
When the distance between W and Wn is longer than Gr, the complex velocity 
potential becomes the same equation of vortex filament. But when Wn approaches to 
W ,the complex velocity potential converges to 0. 

Decay of circulation of separated vortex is reproduced by decreasing 
circulation of each circular vortex by assuming the following time variation with the 
damping coefficient ac: 

.exp^ -aot0JT) (26) 

where ron is the initial circulation of n-th circular vortex, ton is the elapsed time since 
n-th circular vortex has been released. The damping coefficient will also be determined 
from the measured time variation of vortex circulation. 

Solid lines in Fig.9 show the calculated time variation of circulation under 
various values of damping coefficient. In the figure, measured time variation of 
circulation of separated vortex (Horikawa et al.,1992) is also shown. Fig. 11 shows 
the comparison of measured turbulent intensity of horizontal velocity on the ripples 
(Sawamoto et al.,1981) and calculated result by giving various values of radius for the 
circular vortex. The vertical axis z is the distance upward from the ripple crest. 
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Fig. 9 Time variation of circulation of separated vortex 
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Fig. 10 Vertical distribution of turbulent intensity of horizontal velocity 

By comparing calculated and measured result of time decay of circulation and 
turbulent intensity, circular vortex radius is determined to be 0.8% of ripple length and 
vortex circulation damping coefficient to be 4. 

Calculation of diffusion coefficient of suspended sediment 

The motions of suspended sediment are calculated in the flow field obtained on 
the ripples by an above-mentioned procedure. The governing equations of sediment 
motion are horizontal and vertical equations of motion as shown in non-dimensional 
forms by Eqs.(27) and (28) and are solved by using the forth-order Runge-Kutta 
method. 

rJus     3 

dt      4 p' + C, 

1 I  «        «[/   »        ,\     du, 
CDKc^.f-us\[uf~us) + ^- (27) 
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dw 

dt' 
•CDKcyf-w's\(w'f-w's) + 

dw, 

dt 
J>: -j_ 

4ps+CM   - "' '      s»  '      •'     dt      Ps+CM 

t = ta,(u's,wl)= {us,ws)/ws0,(u'f,w'f) = {uf,wf)/ws0, 

g (28) 

(29) 

where Re = ws0Dlv,Kc = ws0/Da , CM = 1/2 , g is the gravity acceleration, a is 
the angular frequency and CD is the drag coefficient. The variables with ' in Eqs.(27) 
and (28) are dimensionless normalized by relation shown by Eq.(29). 

To evaluate drag coefficient CD we adopted the following expression of 
Molerus and Werther(1968): 

c, 24 0.152 
D     *{k 

-J-—-+0.0151^ | (31) 

Initial positions of sand particles are distributed on the ripples as shown 
Fig.ll. and they are released four cycles after calculation of the flow field where the 
flow becomes steady and stable. The motion of sand particles is calculated for seven 
cycles. 

Fig. 11 Coordinate system and initial arrangement of sand particles 

Diffusion coefficient of suspended sediment is evaluated by the calculated 
displacement of sand particles by Eq.(32). 

, 4S«')'/25J 
*•»•;    *    J (32> 

where l(i) is relative position vector of sand particles evaluated by Eq.(33). 

l(t) = Si(t)-S(t) (33) 
where s;(t) is the position of i-th sand particle, S(t) is the average position of all sand 
particles. 
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Fig.12 shows the comparison of the calculated and measured diffusion 
coefficient of suspended sediment. Calculated results show good agreement with the 
measured diffusion coefficient. This means that systematic vortex shedding from the 
ripple bed plays very important role in sediment suspension. It is not necessary for the 
sediment movement under the sheet flow condition that takes place on a flat bed to 
exist such kind of systematic vortex. For the suspended sediment, it is necessary to 
take into the effect of the vortex to lift up sediment to high position. 

Fig. 12 Comparison of measured and calculated diffusion coefficient 

Conclusions 

We propose a relatively simple numerical modeling of sediment transport for 
various mode based on the semi-multi- phase flow model and examine the applicability 
of the model by using existing experimental results of sheet flow and suspended 
sediment. Although calculated results roughly reproduce the experimental results 
under sheet flow condition, we could not predict vertical distribution of the 
concentration of the suspended sediment. 

To investigate this reason, we examine the suspended sand particle motion in 
vortex flow on the ripples. The diffusion coefficient that is evaluated by analyzing 
sand particle motions on ripples is coincide with the experimental results. This result 
implies that systematic vortices generated by the ripples lift up suspended sediment to 
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high position. Therefore to construct numerical model for various mode of sediment 
transport, we have to introduce generation, development and disappearance process of 
bed ripple in the model. 
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