APPLICATION OF SMOOTHED PARTICLE HYDRODYNAMICS (SPH) IN NEARSHORE
MIXING: A COMPARISON TO LABORATORY DATA
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A weakly compressible smoothed particle hydrodynamics (WCSPH) method is used to simulate the nearshore flow
hydrodynamics. The wave induced dispersion and diffusion are determined for monochromatic waves with
significant wave height of 0.12 m and the wave period of 1.2 sec (Sqp=5%) based on WCSPH wave dynamics. The
hydrodynamics of WCSPH model are compared to the laboratory results obtained from series of LDA measurements.
The overall mixing coefficients across the nearshore are determined from WCSPH hydrodynamics. The mixing
coefficients obtained are compared with the values determined from a series of fluorometric studies performed in a
large-scale facility in DHI, Denmark. The results show that the wave profiles are in good agreement with the
experimental data. The WCSPH model is proven to be well capable of estimating the dispersion across the nearshore.
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INTRODUCTION

The nearshore zone experiences pollutant loading through both the shoreline and seaward
boundaries. From the seaward boundary, pollutant loading is transported landward towards the surfzone
by the so-called Stokes drift effect (Stokes, 1847). From the shoreline boundary, runoff pollution, which
can contain faecal indicator bacteria and human viruses (Schiff et al., 2003) can drain into the surfzone.
Consequently, pollution can congregate in the nearshore region, and as such, the water quality can
affect the health of the general public who frequent beaches and thus is seen as a global problem (e.g.
over a million beachgoers visit Santa Monica Bay beaches on a typical summer weekend — Schiff et al.,
2003). However, the key mass exchange processes related to the pollutant transport and dilution within
the nearshore water body are still not fully understood.

There have been comparatively few studies [Pearson et al., 2002 and 2009; Feddersen, 2006; Clark
et al., 2010; Abolfathi & Pearson, 2014] to investigate aspects of mixing under waves and currents in
the nearshore zone. Few field studies have been undertaken using tracers. However, the lack of detailed
hydrodynamic data has made it difficult to interpret the mixing processes. Bowen and Inman (1974)
suggested that seaward of the breaker region, the turbulence generated by waves is small compared to
the current-generated turbulence. Svendsen and Putrevu (1994) performed a numerical study and
proved that the cross- shore current generated by wave activities dominated the transverse mixing. They
suggested that cross-shore currents could exceed the contribution of the mixing caused by turbulent
activity by an order of magnitude. However, there was only little data available to fully validate their
findings. This brief review suggests that although advances have been made in understanding the
mixing processes, still little hydrodynamic and fluorometric data is available.

The nearshore region is a dynamic and constantly evolving environment which is shaped by
interacting processes encompassing different spatial and temporal scales. These processes are generated
through complex interactions between wind, waves, currents and morphology. Predicting the mixing
coefficient in the nearshore region is challenging due to quantifying the bed and surface generated
sources of turbulence, the effects of Stoke’s drift, the interaction of the periodic orbital motions of the
waves and the shearing effect resulted from longshore currents (Svendsen & Putrevu, 1994; Pearson et
al., 2009; Abolfathi & Pearson, 2014). There are good fundamental theories of mean velocities in the
nearshore region (Longuet-Higgins & Stewart, 1964). However, limited data are available from
measurements. Mixing processes have been theoretically described in recent years, but there are
relatively few experiments to validate those findings. Furthermore, due to the lack of data, coastal water
quality models are limited in their predictive capability.

Spatially variable currents in the nearshore region have been investigated in a few studies by using
a fixed frame of reference Eularian measurement technique. These measurements rely on deployment of
an array of stationary sensors that measure the current properties from a fixed reference point. George
et al. (1994) investigated turbulence in the surfzone by both laboratory and field studies as well as using
fixed frame of reference at a specific location. Trowbridge & Elgar (2001) utilized dual- sensor
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technique that removes the contamination by surface waves to study near-bottom surfzone
hydrodynamics. They examined an approximate alongshore momentum balance between wind stress
and near-bottom turbulent Reynolds stress. Trowbridge & Elgar (2001) used an array of five upward-
looking Sontek Acoustic Doppler Velocimeters (ADVs) that was mounted on a low-profile frame, and
measured three-dimensional velocity vectors in a sample volume with a spatial scale of ~ 0.01m (Elgar
et al., 2005). Feddersen et al. (2007) studied cross-shore tracer’s dispersion in the surfzone with
Eularian approach over a range of time-scales and space-scales. Generally, Eularian techniques are
sensitive to the number of sensors utilized to record the spatial scales of motion. This imposes
restriction on the mixing and dispersion coefficients obtained from analysing the Eulerian
measurements. However, also Lagrangian approaches such as dye tracers and drifter measurements
have been employed in the study of mixing and dispersion in the nearshore.

Harris et al. (1963) was one of the first studies that investigate dispersion of dye by tracking
fluorescent dye. Inman et al. (1971) and Bowen & Inman (1974) investigated different aspects of the
mixing due to wave and currents in the nearshore area by using dye tracers in the field experiments.
They defined three different mixing mechanisms due to the surface waves including the processes
associated with the wave motion seaward of the breaking point, the mixing due to the breaking wave
and the large scale mixing due to the movement of water in longshore and rip currents.

Pearson et al. (2002) studied on-offshore mixing seaward of the breaker region using tracer
measurements. Takewaka et al. (2003) studied longshore currents in Japan by investigating dye
diffusion in the longshore current field. Grant et al. (2005) studied alongshore transport of pollution at
Huntington Beach by dye experiments and faecal indicator bacteria monitoring. Grant et al. (2005)
analysis showed that alongshore flux of surfzone water is at least 50 to 300 times larger than the cross-
shore flux of surfzone water. Clark et al. (2014) used fluorescent dye and aerial imaging technique to
study the nearshore mixing.

Feddersen (2007) studied breaking wave induced cross-shore tracer dispersion in the surfzone.
Spydell et al. (2007) carried out field experiments and utilized drifters to study about 200 m of the
shoreline within the surfzone (at depths of less than 5m) and with the alongshore uniform bathymetry
and waves. There is a large variation in the value of eddy diffusivity coefficient reported by the studies
mentioned above (from 0.025 m?s [Takewaka et al., 2003] to 8 m’s™ [Inman et al., 1974]). Feddersen
(2007) concluded that this large variation is due to the differences in the experimental methods and the
difficulties of the dye tracing method. Pearson et al. (2009) carried out laboratory experiments using
tracer and suggested that transverse mixing inside the surfzone is proportional to H*2.

Applications of Lagrangian drifters in studying the mixing and dispersion have been mainly limited
to large-scale offshore and oceanic filed studies (Souza et al., 2014). Drifter technology has been
adopted to measure diffusivity in estuaries and coastal waters (Tseng, 2001).

This study uses experimental and numerical techniques to elucidate the underlying mechanisms that
lead to the mixing of neutrally buoyant pollutants in the coastal waters. The laboratory investigations
were carried out in large-scale facility using LDA and fluorometric measurements. The numerical
model was developed using a weakly compressible SPH approach.

MIXING MECHANISMS

The mixing coefficient in the on-offshore direction is defined in this study as the sum of advective
shear dispersion (D,) and turbulent diffusion (v;) [Eq.1].

E.= v, +D, (1)

The turbulent diffusion could be determined from turbulent kinetic energy (k) with the use of an
appropriate turbulent length scale (1). This study has determined the depth-averaged turbulent diffusion
coefficient following the methodology of Svendsen (1987):

v, = L k32 (2)

The turbulent length scale is defined as a function of local water depth (d) in the nearshore. For the
broken waves in the nearshore the length-scale is 0.25-0.3d (Svendsen & Putrevu, 1994).
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The advective shear dispersion mechanism in the nearshore consists of the non-uniform distribution
of velocities in the water column in the on-offshore direction. A N-zone dispersion model based on
mathematical solution of Chikwendu (1986) is developed to quantify the dispersion coefficients across
the nearshore. The model considers two-dimensional flow and divides it into N zones of well mixed
parallel flow where each zone has a fractional thickness of g, average velocities u;, concentration c; and
longitudinal diffusivities D,. The advection diffusion equation can be written in coupled form for the N
zones of the parallel flow in the on-offshore direction (Eq.3):

0,C, = Dxlaicl -u,0,¢ +b,4(c, —c) (3.3)
0,C; = Dy05c; —u;0,¢; + b4y B(Ciy =€)+ 0y B (€1 — €)) (3.0)

for j=2,3,....,N -1

2
atCN = DxNaxCN _uNaxCN +b(N—1)NﬁN (CN—l_CN) (3.0
Where,ﬂj _h_1 (j=123..,N)and 2D, (j=12..,N-1)
hj q; 1 hz(q]+qj+1)

Dyj+1) is the average vertical diffusivity between two consequent zones ( j and j+1). The above system
of ODEs can be solved by use of Fourier transformation and large time exponent y(A) and the shear
dispersion coefficient for N zones can be written as Eq. 4:

N-1
D(N) = Z(ql +0, +---+q1)2[1_(Q1 +0, +---+qj')]2 ><[ulz...j _u(j+1)...N]2 /bj(j+1) +
o

\ (4)
Z 9;Dy
j=1

where, uy,_; is the mean velocity in the first j zones and ugj.4)...n is the mean velocity in the last N-j
zones. If the number of these zones tends to infinity, the thickness of each zone becomes infinitesimal
and therefore the summations turn into the integral function. When N tends to infinity, the
approximation of N zones model becomes an exact mathematical solution. The vertical variation of
diffusivity parameter is considered for determining the shear dispersion coefficient for both laboratory
and numerical study by estimating eddy viscosity for over 20 vertical points at every on-offshore
location across the nearshore. For the numerical model the temporal variations of advective shear
dispersion is determined using the methodology developed by Abolfathi (2017).

The theoretical on-offshore mixing mechanisms described in this section are adopted to quantify
the nearshore mixing from laboratory investigations and numerical modelling. The results of
hydrodynamic study are compared to fluorometric tracer studies.

LABORATORY INVESTIGATIONS

The experimental study has been performed by means of both Eulerian and Lagrangian approaches
in the shallow water basin at the DHI (Pearson et al., 2006). A detailed hydrodynamic measurement in
the nearshore region is performed by using Laser Doppler Anemometry (LDA) method. Fluorometric
dye tracing study is carried out by use of Rhodamine water tracer dye to quantify the mixing coefficient
under combined effects of waves and currents. The measurement section was 18x18 m and all the tests
were performed on a 1:20 plain beach slope with an offshore water depth of 0.7 m. The bed of the
facility consists of concrete screed with an assumed roughness element 1 mm high. The facility was
equipped with an absorbing piston-type wave-maker. This study presents monochromatic long crested
waves in the nearshore. Table 1 summarizes the experimental study presented in this paper.
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Table 1 — Summary of experimental study

Current + Regular waves Hnominal = 0.12 m, T=1.2 s & Sgp = 5%

Vertical LDA profiles (y-z direction) {y}

Vertical LDA profiles (x-z direction) {y} 3&5m

Transverse dye profiles {y}
Vertical dye profiles {y}

2,3,5&5ped M
5m

1.08,2.08,3,4,5&6m

Hydrodynamic measurements were undertaken at six on-offshore locations from the shoreline with
a 1 m interval. For each on-offshore location a minimum of 20 points in vertical direction is studied.
Fig. 1 shows the temporal averaged cross-shore velocity profiles inside the surfzone and seaward of the

breaker region.
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Figure 1 — Temporal averaged Cross-shore velocity for monochromatic waves with Sgp = 5%

Fluorometric measurements were carried out using a constant injection of Rhodamine tracer dye at
mid-depth. The transverse mixing characteristics have been determined at three distinct locations
including the surf-zone, breaker-point, and offshore, which correspond to y={2, 3, 5}m from the shore
line, respectively. Fig. 2 presents the tracer measurement results across the nearshore for the
monochromatic waves of 5% steepness.
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Figure 2 — Concentration for 3 injection points; surfzone, breaker point and offshore Wave condition —
monochromatic waves with H=0.12 m and T=1.2 sec

The variance of transverse concentrations against the distance from the injection points

determined (Fig. 3).
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The tracer data is analyzed using Taylor (1954) methodology which combines the diffusive and
dispersive mixing mechanisms. Table 2 summarized the analysis of tracer data at offshore, breaking
region and inner-surfzone.

Table 2 — Transverse mixing results for a continuous injection of tracer at offshore, breaking region and
inside the surfzone for monochromatic waves of Sop =5%

Dye Injection Offshore Offshore Long. Bed shear do? Lriinz\::ir:rf

point wave height  wave Period velocity . dx pers D
[m] Ho [m] Tp [sec] (ug) velocity coefficient Yy
[m/s] [m/s] Dzy du*

[m] [m?%/s]

0.122 1.20 0.09 0.0045 0.279 1.195E-02 27.9
0.122 1.20 0.15 0.0075 0.239 1.261E-02 15.9
0.122 1.20 0.165 0.00825 0.0084 6.930E-04 0.36

NUMERICAL MODEL

In this paper, a two-dimensional Lagrangian particle-based model is developed based on the weakly
compressible smoothed particle hydrodynamics (WCSPH) formulations. The governing equations for
free surface flow simulation in two-dimensional Lagrangian formalism are:

-——+vu=¢ (5)

_ o odt
du

1 1 — 1 -
E—-;VP-F;V(}LVH)-I—;V.T-I—Q (6)

where u is velocity vector, P is pressure, p represent density and p is the kinematic viscosity. t in
Eq. 6 is the Sub-Particle Scale (SPS) stress tensor (Gotoh et al., 2001). The Navier-Stokes equations
closured with SPS turbulence model are described in SPH notions in Eq. 7 & 8.

dp —
(5) = Xy Mplap. VWyp ()
43
dif _ Pqg | Pp AMpUT ab W e — Ta (8)
dt)a =Ly (m’i + pﬁ) VWap + Zo (patpp)ri, +42) Uap + Lo My (pﬁ +

L) U, 1
£b

where a and b denote respectively the reference particle and its neighbors, tas = Ua-ty, T = T,
and ¢ is a small number introduced to keep the denominator non-zero and usually is 0.1hg,.

In order to overcome incompressibility problems associated with ISPH models, this study is solving
the equation of state (Eq.9) instead of Poisson equation to approximate pressure field.

pesl(2) 4 g

where ¥ = 7isa constant, B = €3 Pa/Y in which the Pa is the reference density, Ca is the speed of
sound at the reference density, and ca = c(pn) = \/dFP /dp,

Particles are moving within the numerical domain according to XSPH approach (Monaghan, 1994)
[Eq. 10] to ensure neighboring particles will move with approximately the same velocity:
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(5) =, + 22y 22 (@, T) Way (10)
r Dah

Where the constant ¢ is 0.5 and #ar = (0 + 24)/Zand W represents the weighting function or kernel.
The last term in the equation is called XSPH correction, which guarantees that the neighboring particles
possess approximately the same velocity components [Monaghan, 1994].

The numerical model is developed by using Yeganeh-Bakhtiary et al. (2017) methodology and
adopting Cubic spline kernel function and Euler Predictor-Corrector time integration scheme. In order
to overcome SPH particle deficiency near the boundaries, Dynamic boundary conditions (Crespo et al.,
2007) is implemented for the numerical model. Madsen (1971) second order wave maker methodology
was adopted for wave generation in order to prevent from spurious secondary waves. The numerical
domain and the wave conditions are the same as the experimental conditions reported in this study.

The numerical model is used to simulate flow hydrodynamics across the nearshore for similar
hydrodynamic conditions as the laboratory studies. The mixing and dispersion across the nearshore is
determined from WCSPH model using a windowing technique to extract flow hydrodynamics at
longitudinal locations and vertical points (Abolfathi, 2017).

RESULTS & DISCUSSIONS

This section quantifies the mixing mechanisms described earlier by using the laboratory and
numerical model hydrodynamic results.
Diffusion Coefficient

A full understanding of turbulent motion is one of the most challenging and intractable problems of
the physical sciences. By adopting Reynolds analogy, the turbulent diffusion coefficient in the
transverse direction (e,) is of similar magnitude to the eddy viscosity. Thus for the purposes of this
present study it is assumed that the two variables are of the same magnitude. Hence, estimates of eddy
viscosity values are usually derived from velocity measurement. Turbulence is dominated by breaking
wave effects in the surfzone. Seaward of the breaker point turbulence can be generated from two
sources; the first is from the residual turbulence generated from the breaking, where the turbulence
generated in the surfzone, is transported seawards by the undertow. A second source of turbulence is
caused by the oscillatory wave motion flowing over the bed.

The hydrodynamic data from laboratory measurements are utilized to determine the eddy viscosity
according to Eqg. 2. The turbulent kinetic energy (k) is determined using two-dimensional velocity
records from LDA measurements. The spurious data were detected and removed from the dataset by
using a phase-space thresholding method (Goring & Nikora, 2002). The TKE is determined by
calculating the mean (u) and turbulent velocity (u”) for each velocity wavelet. The individual wavelets
are recognized using a zero-crossing algorithm. The mean velocity was determined by fitting Fourier
series to LDA signal for each individual wavelet (Abolfathi, 2017). Fig. 4 shows the TKE results for
LDA data for Monochromatic waves with Sy, = 5%.
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The results for the turbulent Kinetic energy estimated from LDA data are compared to the TKE
measurements reported by Nadaokah & Kondoh (1982) [Fig. 5]. Nadaokah & kondoh (1982) undertook
a series of hydrodynamic measurements in a laboratory flume with a plane 1:20 beach slope using the
LDA technique and determined TKE using spectral analysis method.
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Figure 5 — Comparison of TKE reported by Nadaokah & Kondoh (1982) with the laboratory measurements
(DHI) for the case of monochromatic waves with Sy = 5%

The eddy viscosity is determined by using the depth averaged TKE and a constant length-scale of
0.3d. Fig. 6 presents the comparison between the eddy viscosities obtained from LDA measurements
with the theoretical values proposed by Svendsen & Putrevu (1994).
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Figure 6 — Comparison of measured eddy viscosity from LDA data with Svednsen & Putrevu (1994)
theoretical formulae

Dispersion Coefficient
Wave kinematics and the hydrodynamics obtained from LDA measurements and WCSPH

simulations are utilized to quantify the mixing coefficients across the nearshore using the N-zone model
(Eq. 4).

The mixing coefficient was determined for five locations (y={1,2,3,4,5}m) across the nearshore
with use of the hydrodynamics obtained from LDA and WCSPH model. Depth-averaged diffusivities
calculated for LDA data and the theoretical values derived by Svendsen and Putrevu (1994) [Eq. 11]
are adopted to determine advective shear dispersion coefficients for Laboratory data and numerical
simulation, respectively.

ve = Md.Jgd (11.a)
v, =(0.8(d/d,)™* +0.2)v, (11.b)
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Eq. 11.a determines the diffusivity inside the surfzone and Eq. 11.b is valid seaward of the breaker
region. A constant value of M=0.03 in Eq. 11.a was adopted for the numerical analysis. For each on-
offshore location across the nearshore, the temporal variations of flow hydrodynamics from the
WCSPH model were utilized with a depth-averaged eddy viscosity value to run the N-zone model. To
extract the WCSPH velocity profile at each study location, a numerical window was defined in the
model. Velocity profiles for WCSPH were calculated by spatially-averaging particle velocities at small
measurement boxes 50 x 50mm from the bed to the top of the numerical domain. The velocity profiles
were calculated for each numerical time-step. Fig.7 is the schematic of velocity profile calculations
from the WCSPH simulations.
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Figure 7 — Schematic of velocity profile measurements from SPH simulations

Fig. 8 illustrates the comparison of temporal averaged cross-shore velocity profiles between the
WCSPH model and LDA data.
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Figure 8 — Comparison between on-offshore temporal-averaged velocity profiles of the SPH model and the
LDA measurements for monochromatic waves of Sop = 5%,

The mixing coefficients were calculated for both LDA data and the WCSPH model. The LDA
hydrodynamic data along with the depth-varying diffusivities determined from TKE measurements are
inputted to the N-zone model. Table 3 compares the shear dispersion coefficients obtained from LDA
with the tracer measurements. For the monochromatic waves of 5% steepness, the N-zone dispersion
model underestimated the dispersion at the breaker region and in the inner surfzone. The results of the
N-zone model show that the dispersive mechanism only varies by 1.079E m?/s across the

surfzone (y=1, 2, 3m).
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Table 3 — Comparison of the shear dispersion coefficient determined from LDA data with N-zone model
(undertow values and depth-varying diffusivities) with the dye measurements

Shear Dispersion (m?.s™)

Condition
Location from SWL (m)
H(m) T(sec) 1 2 3 4 5 6
8.94E-3 1.03E-2 1.02E-2 5.64E-3 2.20E-3 1.93E-3 Model
0.12 1.2
N.A 1.19E-2 1.26E-2 N.A 6.93E-4 N.A Dye

The shear dispersion is calculated for the duration of WCSPH simulations. The N-zone model is
applied for the data from each time-step of WCSPH model. Fig. 9 shows the temporal variation of
mixing coefficient determined for the WCSPH data inside the surfzone (Fig. 9a), at the breaker region
(Fig. 9b) and seaward of the breaker region (Fig. 9¢). The overall mixing coefficient was determined by
averaging the dispersion coefficient over the length of simulation. For each location, the figure shows
the temporal variation of D, for 25sec of the WCSPH simulations (top figure). It also shows the
evolution of the dispersion coefficients during a wave cycle (bottom figure). It is evident that for all
locations shown in Fig. 9, the SPH model needs a few seconds to produce steady predictions for the
dispersion. The small and unrealistic fluctuations in the beginning of the SPH simulations are due to the
initial conditions and the fact that the movements of the particles is yet not reached to the measurement
location. The results for mixing coefficients confirm the existence and contributions of bore, undertow
and bore/undertow collision phases within the wave cycle.

Comparison of the temporal variation of the shear dispersion with the numerical simulations shows
that the shear dispersion has very small fluctuations during the undertow phase. The interaction of the
incoming bore meeting the seaward moving undertow resulted in a short intense turbulent shear layer,
as demonstrated by a rapid increase and decrease in the mixing over the wave cycle (Fig. 9a, b & c).
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Tables 4 summarize the mixing coefficient determined by using the WCSPH hydrodynamics and
the N-zone dispersion model. The overall mixing is also compared to the DHI fluorometric
measurements.

Table 4 — Dispersion coefficients from the WCSPH simulations for the monochromatic waves with Hy =
0.12m and T = 1.2sec

Shear Dispersion (m2.s-1)

Condition
Location from SWL (m)
H(m) T(sec) 1 2 3 4 5
1.12E-02 1.20E-02 1.22E-02 7.10E-03 9.98E-04 WCSPH
0.12 1.2
N.A 1.19E-2 1.26E-2 N.A 6.93E-4 Dye

The mixing coefficients obtained from the temporal variation of shear dispersion from the WCSPH
simulations (Tables 4) show that good agreement exists between the numerical model predictions and
the mixing coefficients determined for fluorometric tracer measurements of the DHI study. Fig. 10
compares the diffusive and dispersive mechanisms postulated in this paper, obtained from the
hydrodynamics measurements and WCSPH simulations with the fluorometric study.
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Figure 10 — The diffusive and dispersive mixing mechanisms for the monochromatic waves of 5% steepness

CONCLUSIONS

This paper presents investigations focused on understanding and quantifying the nearshore mixing
processes due to the effects of waves and currents. The developed theoretical model described the
overall mixing coefficient as the sum of the diffusive and dispersive mechanisms due to the wave
motion in the nearshore region. The diffusive mechanisms were quantified through measurements as a
function of turbulent kinetic energy and the turbulent length-scale. A mathematical approach was
adopted to quantify the dispersion coefficient.

Mixing under the combined effects of waves and currents were studied through measurement of
hydrodynamic and fluorometric tracing experiments for the monochromatic waves with 5% offshore
steepness. The diffusion and dispersion coefficients for the hydrodynamic data were determined and the
results were compared to the mixing coefficients obtained from the tracer measurements. The numerical
capabilities of a Lagrangian, particle-based, Smoothed Particle Hydrodynamics method were employed
to simulate the wave hydrodynamics in the nearshore region. The numerical results for the wave
hydrodynamics were employed to study the shear dispersion in the nearshore region. Very good
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agreement was observed between the mixing coefficient determined from SPH data and the
fluorometric tracer study (Fig.10). The results confirmed that dispersive shear mechanism plays
significant role in the overall mixing in the nearshore. However, turbulence is still an essential
parameter which influences the vertical velocity profile and therefore the dispersion.
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